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Abstract. This paper surveys and gives a uniform exposition of results contained in [7], 
[8], [9] and [10]. The subject is degenerations of surfaces, especially to unions of planes. 
More specifically, we deduce some properties of the smooth surface which is the general fibre 
of the degeneration from combinatorial features of the central fibre. In particular we show 
that there are strong constraints on the invariants of a smooth surface which degenerates to 
configurations of planes. 

Finally we consider several examples of embedded degenerations of smooth surfaces to 
unions of planes. 

Our interest in these problems has been raised by a series of interesting articles by Guido 
Zappa in 1950's. 
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1. Introduction 

This paper surveys and gives a uniform exposition of results contained in [7], [H], [9] and 
[TO] , where we study several properties of flat degenerations of surfaces whose general fibre is 
a smooth projective algebraic surface and whose central fibre is a reduced, connected surface 
X C P r , r ^ 3; a very interesting case is, in particular, when X is assumed to be a union of 
planes. 
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The first three authors are members of M.I.U.R-G.N.S.A.G.A. at I.N.d.A.M. "F. Severi". 
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As a first application of this approach, we shall see that there are strong constraints on the 
invariants of a smooth projective surface which degenerates to configurations of planes with 
global normal crossings or other mild singularities (cf. § ITTT) . 

Our results include formulas on the basic invariants of smoothable surfaces (see e.g. Theo- 
rems [43l [8J] and MM • These formulas are useful in studying a wide range of open problems, 
as it happens in the curve case, where one considers stick curves, i.e. unions of lines with 
only nodes as singularities. Indeed, as stick curves are used to study moduli spaces of smooth 
curves and are strictly related to fundamental problems as the Zeuthen problem (cf. [31] 
and [50J ) , degenerations of surfaces to unions of planes naturally arise in several important 
instances, like toric geometry (cf. e.g. [4], [24] and [45]) and the study of the behaviour of 
components of moduli spaces of smooth surfaces and their compactifications. For example, 
see [38], where the abelian surface case is considered, or several papers related to the K3 
surface case (see, e.g., [T4], [15] and [21]). 

Using the techniques developed here (cf. also the original papers [9j and [10]), we are able 
to extend some results of topological nature of Clemens-Schmid (see Theorem 19.91 and cf. e.g. 
[43] ) and to prove a Miyaoka-Yau type inequality (see Theorem 111.41 and Proposition II 1 . 17] ) . 

We expect that degenerations of surfaces to unions of planes will find many applications. 
For example, applications to secant varieties and the interpolation problem are contained in 

m 

It is an open problem to understand when a family of surfaces may degenerate to a union 
of planes, and in some sense this is one of the most interesting questions in the subject. The 
techniques we develop here in some cases allow us to conclude that this is not possible. When 
it is possible, we obtain restrictions on the invariants which may lead to further theorems on 
classification. The case of scrolls has been treated in [8] (cf. also Theorem 111.1 61 below) . Other 
possible applications are related, for example, to the problem of bounding the irregularity of 
surfaces in P 4 . 

Further applications include the possibility of performing braid monodromy computations 
(see [16], [H], [42], [52]). We hope that future work will include an analysis of higher- 
dimensional analogues. 

Our interest in degenerations to union of planes has been stimulated by a series of papers by 
Guido Zappa appeared in the 1940-50's regarding in particular: (1) degenerations of scrolls 
to unions of planes and (2) the computation of bounds for the topological invariants of an 
arbitrary smooth projective surface which degenerates to a union of planes (see [55l [56l l57l 

EUEiEolET]). 

In this paper we shall consider a reduced, connected, projective surface X which is a union 
of planes — or more generally a union of smooth surfaces — whose singularities are: 

• in codimension one, double curves which are smooth and irreducible, along which two 
surfaces meet transversally; 

• multiple points, which are locally analytically isomorphic to the vertex of a cone over 
a stick curve with arithmetic genus either zero or one and which is projectively normal 
in the projective space it spans. 

These multiple points will be called Zappatic singularities and X will be called a Zappatic 
surface. If moreover X C P r , for some positive r, and if all its irreducible components are 
planes, then X is called a planar Zappatic surface. 
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We will mainly concentrate on the so called good Zappatic surfaces, i.e. Zappatic surfaces 
having only Zappatic singularities whose associated stick curve has one of the following dual 
graphs (cf. Examples 12.71 and 12.81 Definition 13.51 Figures [3] and E|) : 

R n : a chain of length n, with n ^ 3; 

S n : a fork with n — 1 teeth, with n ^ 4; 

E n : a cycle of order n, with n ^ 3. 

Let us call R n -, S n -, E n -point the corresponding multiple point of the Zappatic surface X. 

We first study some combinatorial properties of a Zappatic surface X (cf. § [3]) . We then 
focus on the case in which X is the central fibre of a (an embedded, respectively) flat degen- 
eration X — > A, where A is the complex unit disk (and where XCAxF,r^3, is a closed 
subscheme of relative dimension two, respectively). In this case, we deduce some properties 
of the general fibre X t , t ^ 0, of the degeneration from the aforementioned properties of the 
central fibre X = X (see §'s El E, EE M and ED- 

A first instance of this approach can be found in [7], where we gave some partial results on 
the computation of h°(X,ux), when X is a Zappatic surface with global normal crossings, 
i.e. with only Z? 3 -points, and where uix is its dualizing sheaf (see Theorem 4.15 in [7]). In 
the particular case in which X is smoothable, namely if X is the central fibre of a flat 
degeneration, we recalled that the formula for h°(X, ojx) can be also deduced from the well- 
known Clemens-Schmid exact sequence (cf. also e.g. [43]). 

In this paper we address three main problems. 

We define the u-genus of a projective variety Y to be 

(1.1) Pu) (Y):=h°(Y,u Y ), 

where u Y is the dualizing sheaf of Y . It is just the arithmetic genus, if Y is a reduced curve, 
and the geometric genus, if Y is a smooth surface. 

We first extend the computation of the cu-genus to the more general case in which a good 
Zappatic surface X — considered as a reduced, connected surface on its own — has R n -, 
S n - and -En-points, for n ^ 3, as Zappatic singularities (cf. Theorem 14.3ft . When X is the 
central fibre of a degeneration X — ► A, we then relate the cu-genus of the central fibre to the 
geometric genus of the general one; more precisely, we show that the cu-genus of the fibres of 
a flat degeneration of surfaces with Zappatic central fibre as above is constant (cf. Theorem 
EH and B2JJ). 

As a second main result, we compute the K 2 of a smooth surface which degenerates to a 
good Zappatic surface, i.e. we compute K%r, where X t is the general fibre of a degeneration 
X — > A such that the central fibre X is a good Zappatic surface (see Theorem 18.11 and |9j). 

We will then prove a basic inequality, called the Multiple Point Formula (cf . Theorem 110.21 
and [9]), which can be viewed as a generalization, for good Zappatic singularities, of the 
well-known Triple Point Formula (see Lemma \1 0.71 and cf. |20|). 

These results follow from a detailed analysis of local properties of the total space X of the 
degeneration at a good Zappatic singularity of the central fibre X (cf. §'s[6]and[7]). 

Furthermore, we apply the computation of K 2 and the Multiple Point Formula to prove 
several results concerning degenerations of surfaces. Precisely, if x and g denote, respectively, 
the Euler-Poincare characteristic and the sectional genus of the general fibre Xj, for t G A\{0}, 
then (cf. Definition 15.41) : 
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Theorem 1 (cf. Theorem 111.41) . Let X — > A 6e a good, planar Zappatic degeneration, where 
the central fibre X = X has at most R3-, E 3 -, E4- and E 5 -points. Then 

(1.2) K 2 <8 X + 1-^. 

Moreover, the equality holds in (11.21) if and only if X t is either the Veronese surface in P 5 
degenerating to four planes with associated graph S4 (i.e. with three R^-points, see Figure 
Uio,), or an elliptic scroll of degree n ^ 5 in P™ -1 degenerating to n planes with associated 
graph a cycle E n (see FigureUib). 

Furthermore, if Xt is a surface of general type, then 

K 2 <8 X - g. 



(a) (b) 
Figure 1. 

In particular, we have: 

Corollary (cf. Corollaries 111.101 and 111.121 ). Let X be a good, planar Zappatic degeneration. 

(a) Assume that X t , t G A \ {0}, is a scroll of sectional genus g ^ 2. Then Xo = X has 
worse singularities than R3-, E 3 -, E 4 - and E 5 -points. 

(b) IfX t is a minimal surface of general type and Xq = X has at most R%-, E 3 -, E 4 - and 
E 5 -points, then 

g ^ 6x + 5. 

These improve the main results of Zappa in [50] . 

Let us describe in more detail the contents of the paper. Section [2] contains some basic 
results on reducible curves and their dual graphs. 

In Section [3l we give the definition of Zappatic singularities and of (planar, good) Zap- 
patic surfaces. We associate to a good Zappatic surface X a graph Gx which encodes the 
configuration of the irreducible components of X as well as of its Zappatic singularities (see 
Definition 13.61) . 

Then we compute from the combinatorial invariants of the associated graph Gx some of 
the invariants of X, e.g. the Euler-Poincare characteristic x(Ox), and — when IcF,r)3 
— the degree d = deg(X), the sectional genus g, and so on. These computations will be 
frequently used in later sections, e.g. § dU 

In Section [4] we address the problem of computing the w-genus of a good Zappatic surface 
X. Precisely, we compute the cohomology of its structure sheaf, since p w (X) = h 2 (X,O x ), 
and we prove the following: 



ON DEGENERATIONS OF SURFACES 



5 



Theorem 2. (cf. Theorem \4-3\) Let X = |Ji=i ^ e a 9°°d Zappatic surface and let Gx be 
its associated graph (cf. Definition ^. 6\) . Consider the natural map 

V 

i=l l^.i<j^.v 

where Cij = Xj fl Xj if Xi and Xj meet along a curve, or = otherwise ( cf. Definition 



Jl\). Then: 



;i-3) p u {X) = h 2 (G x , C) + J> 9 (X) + dim(coker($ x )). 



In particular, we have: 
Corollary. Let X be a good planar Zappatic surface. Then, 

p u (X) = b 2 {G x ). 

Remark 1. It is well-known that, for smooth surfaces S, the geometric genus p g (S) is a 
topological invariant of S. From Formula (11.31) . it follows that also the tu-genus Pw(X) is a 
topological invariant of any good Zappatic surface X. 

In order to prove the above results, we exploit the natural injective resolution of the sheaf 
Ox in terms of the structure sheaves of the irreducible components of X and of its singular 
locus. An alternative, and in some sense dual, approach is via the interpretation of the 
global sections of uox as collections of meromorphic 2-forms on the irreducible components 
of X, having poles along the double curves of X with suitable matching conditions. This 
interpretation makes it possible, in principle, to compute h°(X,uJx) by computing the number 
of such independent collections of forms. This is the viewpoint taken in [7], where we discussed 
only the normal crossings case. However, the approach taken here leads more quickly and 
neatly to our result. 

In Section [5] we give the definition of Zappatic degenerations of surfaces and we recall some 
properties of smooth surfaces which degenerate to Zappatic ones. 

In Section [6] we recall the notions of minimal singularity and quasi-minimal singularity, 
which are needed to study the singularities of the total space X of a degeneration of surfaces 
at a good Zappatic singularity of its central fibre Xo = X (cf. also [34] and [35]). 

Section [7] is devoted to studying (partial and total) resolutions of the singularities that the 
total space X of a degeneration of surfaces at a good Zappatic singularity of its central fibre. 

The local analysis of minimal and quasi-minimal singularities of X is fundamental in § [HI 
where we compute K\ , for t G A \ {0}, when X t is the general fibre of a degeneration such 
that the central fibre is a good Zappatic surface. More precisely, we prove the following main 
result (see Theorem 18.11 and [9]): 

Theorem 3. Let X — > A be a degeneration of surfaces whose central fibre is a good Zappatic 
surface X = Xo = Ui=i-^i- Let C^ := Xi PI Xj be a smooth (possibly reducible) curve 
of the double locus of X , considered as a curve on X i} and let gij be its geometric genus, 
1 ^ i 7^ 3 ^ v - Let v and e be the number of vertices and edges of the graph Gx associated to 
X. Let f n , r n , s n be the number of E n -, R n -, S n -points of X, respectively. If K 2 := K^, for 
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t 7^ 0. then: 

(1.4) K 2 = (kI + J2^9ij - CD j - 8e + £ 2nf n + r 3 + k 

i=l \ j^i / n^3 

where k depends only on the presence of R n - and S n -points, for n ^ A, and precisely: 

(1.5) J2( n ~ 2 ^ n + s n)^k^J2 (( 2n - 5 ) r - + 
n>4 n>4 ^ 

In the case that the central fibre is also planar, we have the following: 

Corollary (cf. Corollary 18.41) . Let X — > A be an embedded degeneration of surfaces whose 
central fibre is a good, planar Zappatic surface X = X = Ui=i Then: 

(1.6) if 2 = 9w-10e + ^2n/ n + r 3 + fc 

where k is as in HIM and depends only on the presence of R n - and S n -points, for n ^ 4. 

The inequalities in the theorem and the corollary above reflect deep geometric properties 
of the degeneration. For example, if X — > A is a degeneration with central fibre X a Zappatic 
surface which is the union of four planes having only a i?4-point, Theorem [3] states that 
8 ^ K 2 ^ 9. The two values of K 2 correspond to the fact that X, which is the cone over a 
stick curve Cr 4 (cf. Example 12 .71 ). can be smoothed either to the Veronese surface, which has 
K 2 = 9, or to a rational normal quartic scroll in P 5 , which has K 2 = 8 (cf. Remark 18.221 ). 
This in turn corresponds to different local structures of the total space of the degeneration 
at the .Rzt-point. Moreover, the local deformation space of a i?4-point is reducible. 

Section [10] is devoted to the Multiple Point Formula (11.71) below (cf. Definition 15.41 see 
Theorem dUJ and [9]): 

Theorem 4. Let X be a good Zappatic surface which is the central fibre of a good Zappatic 
degeneration X — > A. Let 7 = Xi H X 2 be the intersection of two irreducible components Xi, 
X 2 of X. Denote by f n {l) An (7) and s n ( 7 )> respectively] the number of E n -points [R n -points 
and S n -points, respectively] of X along 7. Denote by d 1 the number of double points of the 
total space X along 7, off the Zappatic singularities of X. Then: 

(1.7) deg(K 7 , Xl ) + degtH^) + / 3 ( 7 ) - r 3 ( 7 ) - $>„( 7 ) + s n ( 7 ) + / n ( 7 )) ^ d, > 0. 

U>4 

Ln particular, if X is also planar, then: 

(1.8) 2 + / 3 ( 7 ) - r 3 ( 7 ) - J> n ( 7 ) + s n ( 7 ) + / n ( 7 )) > d, > 0. 

n^4 

Furthermore, if d% denotes the total number of double points of X, off the Zappatic singular- 
ities of X , then: 

(1.9) 2e + 3/ 3 -2r 3 -^n/ n -^(n- l)(s n + r n ) ^ d x > 0. 

n>4 n>4 
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In § [TT] we apply Theorem [3] and [4] above to prove several generalizations of statements 
given by Zappa. For example we show that worse singularities than normal crossings are 
needed in order to degenerate as many surfaces as possible to unions of planes. 

In Section M, we apply the result in § [4] on the w-genus (i.e. Theorem [2] above) to the 
case of X a smoothable, good Zappatic surface, namely X = X is the central fibre of a flat 
degeneration X — > A of surfaces, where A is the spectrum of a DVR (or equivalently the 
complex unit disk) and each fibre X t = tt -1 CO, ^ t G A, is smooth. 

Precisely, with the same hypotheses of Theorem [2J we prove: 

Theorem 5. (cf. Theorem \9.9\) Let X — > A be a flat degeneration of surfaces parametrized 
by a disk, such that the central fibre Xq = X is good Zappatic and each fibre X t , t 0, is 
smooth. Then, for any t 0, one has: 

(1-10) Pg (Xt)= Pu (X). 

In particular, the uo-genus of the fibres ofX — ► A is constant. 

Remark 2. Recall that, when X has only i? 3 -points as Zappatic singularities and it is smooth- 
able, with smooth total space X, (i.e. X is the central fibre of a semistable degeneration) , it is 
well-known that ( 11.101) holds. This has been proved via the Clemens- Schmid exact sequence 
approach, which relates the mixed Hodge theory of the central fibre X to that of the general 
one Xt, t G A\{0}, by means of the monodromy of the total space X (cf. e.g. [43j for details). 

We remark that Theorems [2] and [5] above not only show that (11.1 01) more generally holds 
for a smoothable good Zappatic surface, i.e. with R n -, S n - and _E n -points, n ^ 3, as Zappatic 
singularities and with (possibly) singular total space X, but mainly they extend the Clemens- 
Schmid approach since the computation of p u (X) is independent of the fact that X is the 
central fibre of a degeneration. 

To prove Theorem we use the construction performed in §[7] of a normal crossing reduction 
7f : X — > A of n, i.e. X — > X is a resolution of singularities of X and the support of its central 
fibre Xo has global normal crossings (cf. Remark 15.2ft . Then we apply the results in Chapter 
II of |33j in order to get a semistable reduction n : X — > A of tt. This enables us to deduce 
the topological properties of the fibres of X from those of X, with the assistance of the 
Clemens-Schmid exact sequence (cf. e.g. [43]). 

In the last section we exhibit several examples of degenerations of smooth surfaces to good 
Zappatic ones, some of them contained also in [8], in particular with the central fibre having 
only R 3 -, E n -, 3 ^ n ^ 6, points. 

We conclude the paper with Appendix [Aj where we collect several definitions and well- 
known results concerning connections between commutative homological Algebra and projec- 
tive Geometry. 

Acknowledgments. The authors would like to thank L. Badescu, A. Beauville and J. Kollar, 
for fundamental discussions and references. 

2. Reducible curves and associated graphs 

Let C be a projective curve and let Cj, i — 1, . . . , n, be its irreducible components. We will 
assume that: 

• C is connected and reduced; 

• C has at most nodes as singularities; 
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• the curves Cj, i — 1, . . . , n, are smooth. 

If two components Cj, Cj, i < j, intersect at ra^ points, we will denote by P^, h = 
1, . . . , rriij, the corresponding nodes of C. 

We can associate to this situation a simple (i.e. with no loops), weighted connected graph 
Gc, with vertex i>j weighted by the genus gi of C*: 

• whose vertices v±, . . . , v n , correspond to the components C\, . . . , C n ; 

• whose edges rj^, i < j, h — 1, . . . , m^-, joining the vertices v,i and Vj, correspond to 
the nodes Pj] of C. 

We will assume the graph to be lexicographically oriented, i.e. each edge is assumed to be 
oriented from the vertex with lower index to the one with higher. 
We will use the following notation: 

• v is the number of vertices of Gc, i-e. v = n; 

• e is the number of edges of Gc; 

• x{Gc) = v — e is the Euler-Poincare characteristic of Gc; 

• h}{Gc) = 1 — x{Gc) is the first Betti number of Gc- 

Notice that conversely, given any simple, connected, weighted (oriented) graph G, there is 
some curve C such that G = Gc- 
One has the following basic result: 

Theorem 2.1. (cj. [3 Theorem 2.1],) In the above situation 

V V 

(2.2) X (0c) = X(G C ) -X> = v - e -I> 

1=1 i=l 

Proof. Let v : C — > C be the normalization morphism; this defines the exact sequence of 
sheaves on C: 

(2.3) -> O c -> i/,(0 5 ) -> r -> 0, 

where r is a skyscraper sheaf supported on Sing(C). Since the singularities of C are only 
nodes, one easily determines H°(C,t) = C e . Therefore, by the exact sequence (12.31) . one gets 

X(0c) = xMOfi)) - e. 
By the Leray isomorphism and by the fact that i/ is finite, one has x( z/ *(Oc 1 )) = x(Oc)- Since 
C is a disjoint union of the v = n irreducible components of C , one has x(®c) = v — ^2i=i 9^ 
which proves (12.21) . (Cf. also [2] for another proof.) □ 

We remark that Formula (12.21) is equivalent to (cf. Proposition 13. 14D : 

V 

(2.4) Pa (C) = h\Gc)+J2^ 

i=l 

Notice that C is Gorenstein, i.e. the dualizing sheaf u>c is invertible. We define the u-genus 
of C to be 

(2.5) p w (C) :=/i°(C> c ). 

Observe that, when C is smooth, the tu-genus coincides with the geometric genus of C. 
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In general, by the Riemann-Roch theorem, one has 

V V 

(2.6) p w (C) = p a (C) = h\G c ) +5> = e -, + l + ]>> 

i=i i=i 

If we have a flat family C — > A over a disc A with general fibre G t smooth and irreducible 
of genus g and special fibre Co = C, then we can combinatorially compute g via the formula: 

V 

g=p a (C) = h 1 (G c ) + J2^ 

i=l 

Often we will consider C as above embedded in a projective space F r . In this situation 
each curve C{ will have a certain degree di, so that the graph Gc can be considered as double 
weighted, by attributing to each vertex the pair of weights (gi, di). Moreover one can attribute 
to the graph a further marking number, i.e. r the embedding dimension of C. 

The total degree of C is 

V 

d = di 
i=i 

which is also invariant by flat degeneration. 

More often we will consider the case in which each curve Q is a line. The corresponding 
curve C is called a stick curve. In this case the double weighting is (0, 1) for each vertex, and 
it will be omitted if no confusion arises. 

It should be stressed that it is not true that for any simple, connected, double weighted 
graph G there is a curve C in a projective space such that Gc = G. For example there is no 
stick curve corresponding to the graph of Figure El 



Figure 2. Dual graph of an "impossible" stick curve. 

We now give two examples of stick curves which will be frequently used in this paper. 

Example 2.7. Let T n be any connected tree with n ^ 3 vertices. This corresponds to a 
non-degenerate stick curve of degree n in P n , which we denote by CV„. Indeed one can check 
that, taking a general point Pi on each component of CV n , the line bundle Oc T „ (Pi + ' — ^Pn) 
is very ample. Of course CV n has arithmetic genus and is a flat limit of rational normal 
curves in ¥ n . 

We will often consider two particular kinds of trees T n : a chain R n of length n and the 
fork S n with n — 1 teeth, i.e. a tree consisting of n — 1 vertices joining a further vertex (see 
Figures El (a) and (b)). The curve Cn n is the union of n lines h,h, ■ ■ ■ ,l n spanning P n , such 
that U PI Zj • = if and only if 1 < \i — j\. The curve Cs„ is the union of n lines l\, l 2 , ■ ■ ■ , l n 
spanning P n , such that h, . . . , l n -\ all intersect l n at distinct points (see Figured]). 

Example 2.8. Let Z n be any simple, connected graph with n ^ 3 vertices and h}{Z n , C) = 1. 
This corresponds to an arithmetically normal stick curve of degree n in P n_1 , which we denote 
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(a) A chain R n (b) A fork S n with n — 1 teeth (c) A cycle E. t 



Figure 3. Examples of dual graphs. 

by Cz„ (as in Example 12.71) . The curve Cz n has arithmetic genus 1 and it is a flat limit of 
elliptic normal curves in F n ^ 1 . 

We will often consider the particular case of a cycle E n of order n (see Figure [31(c)). The 
curve Ce„ is the union of n lines h, l 2 , . . . ,l n spanning P n_1 , such that U fl lj = if and only 
if 1 < \i — j\ < n — 1 (see Figured]). 

We remark that Ce„ is projectively Gorenstein (i.e. it is projectively Cohen-Macaulay and 
sub-canonical, cf. Proposition IA.50I in Appendix lAl) . because u>c B is trivial, since there is 
an everywhere non-zero global section of ^>c En i gi ven by the meromorphic 1-form on each 
component with residues 1 and —1 at the nodes (in a suitable order). 

All the other Czjs, instead, are not Gorenstein because u)c z , although of degree zero, is 
not trivial. Indeed a graph Z m different from E n , certainly has a vertex with valence 1. This 
corresponds to a line I such that Uc z <8> 0; is not trivial. 




Cn n : a chain of n lines, Cs n ' a comb with n — 1 teeth, Ce^- a cycle of n lines. 

Figure 4. Examples of stick curves. 

3. Zappatic surfaces and associated graphs 

We will now give a parallel development, for surfaces, to the case of curves recalled in the 
previous section. Before doing this, we need to introduce the singularities we will allow (cf. 
0§3]). 

Definition 3.1 (Zappatic singularity). Let X be a surface and let x G X be a point. We 
will say that x is a Zappatic singularity for X if (X, x) is locally analytically isomorphic to 
a pair (Y, y) where Y is the cone over either a curve Ct„ or a curve Cz n ,n ^ 3, and y is the 
vertex of the cone. Accordingly we will say that x is either a T n ~ or a Z n -point for X. 

Observe that either T n - or Z n -points are not classified by n, unless n = 3. 
We will consider the following situation. 

Definition 3.2 (Zappatic surface). Let X be a projective surface with its irreducible com- 
ponents Xi, . . . , X v . We will assume that X has the following properties: 
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• X is reduced and connected in codimension one; 

• Xi, . . . , X v are smooth; 

• the singularities in codimension one of X are at most double curves which are smooth 
and irreducible along which two surfaces meet transversally; 

• the further singularities of X are Zappatic singularities. 

A surface like X will be called a Zappatic surface. If moreover X is embedded in a projective 
space P r and all of its irreducible components are planes, we will say that X is a planar 
Zappatic surface. In this case, the irreducible components of X will sometimes be denoted 
by Ilj instead of Xi, 1 ^ i ^ v. 

Notation 3.3. Let X be a Zappatic surface. Let us denote by: 

• Xf an irreducible component of X, 1 ^ i ^ v; 

• Cij :— Xi C\Xj, 1 ^ i ^ j ^ v, if Xi and Xj meet along a curve, otherwise set C^- = 0. 
We assume that each CV, is smooth but not necessarily irreducible; 

• gij : the geometric genus of CV,, 1 ^ i ^ j ^ v ; i.e. is the sum of the geometric 
genera of the irreducible (equiv., connected) components of CV, ; 

• C := Sing(X) = U^jCij-. the union of all the double curves of X; 

• E ijk := Xi fl Xj n X k , 1 < i ^ j ^ k < v, if X, n Xj nlfc^l, otherwise E ijk = 0; 

• rriijk '■ the cardinality of the set E^; 

• P/- fc : the Zappatic singular point belonging to Ey&, for /i = 1, . . . ,mij k . 
Furthermore, if X C P r , for some r, we denote by 

• d = deg(X) : the degree of X; 

• di = deg(Xj) : the degree of Xj, % ^ i ^ v; 

• = deg(Cij): the degree of Cy , 1 ^ % ^ j ^ v; 

• D : a general hyperplane section of X; 

• g : the arithmetic genus of D; 

• Di : the (smooth) irreducible component of D lying in Xj, which is a general hyper- 
plane section of Xi, 1 ^ % ^ t>; 

• #i : the genus of .Dj, 1 ^ i ^ v. 

Notice that if X is a planar Zappatic surface, then each Cy, when not empty, is a line and 
each non-empty set E^ is a singleton. 

Remark 3.4. Observe that a Zappatic surface X is Cohen-Macaulay. More precisely, X has 
global normal crossings except at points T n , n ^ 3, and Z m , m ^ 4. Thus the dualizing sheaf 
u)x is well-defined. If X has only E^-points as Zappatic singularities, then X is Gorenstein, 
hence iOx is an invertible sheaf. 

Definition 3.5 (Good Zappatic surface). The good Zappatic singularities are the 

• i? n -points, for n ^ 3, 

• SV-points, for n ^ 4, 

• i? n -points, for n ^ 3, 

which are the Zappatic singularities whose associated stick curves are respectively Cr„ , Cs n , 
C e„ (see Examples 12.71 and 12.81 Figures [3J [4] and El) . 

A good Zappatic surface is a Zappatic surface with only good Zappatic singularities. 

To a good Zappatic surface X we can associate an oriented complex Gx, which we will 
also call the associated graph to X. 
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i?4-point S^-point 



Figure 5. Examples of good Zappatic singularities. 

Definition 3.6 (The associated graph to X). Let X be a good Zappatic surface with Notation 
13.31 The graph Gx associated to X is defined as follows (cf. Figured]): 

• each surface Xj corresponds to a vertex Vi\ 

• each irreducible component of the double curve Cy = C y - U ■ ■ • U C^ 1 corresponds to 
an edge e*„-, 1 ^ t ^ hij, joining V; t and Vj. The edge e„-,i < j, is oriented from the 
vertex Vi to the one Vj. The union of all the edges joining V{ and Vj is denoted by 
eij, which corresponds to the (possibly reducible) double curve Cy-; 

• each P n -point P of X is a face of the graph whose n edges correspond to the double 
curves concurring at P. This is called a n-face of the graph; 

• for each P n -point P, with n ^ 3, if P G X i± H X i2 n • • • H X in , where meets X ifc 
along a curve Cj-jj. only if 1 = |j — we add in the graph a dashed edge joining the 
vertices corresponding to X ix and X in , The dashed edge e il)in , together with the other 
n — 1 edges e^,^ , j = 1, . . . , n — 1, bound an open n-face of the graph; 

• for each S^-point P, with n ^ 4, if P G X ix fl X i2 fl • • • fl X in , where X^, . . . , X in l 
all meet X in along curves CiA n , j = l,...,n— 1, concurring at P, we mark this 
in the graph by an n-angle spanned by the edges corresponding to the curves CiA n , 
j = l,...,n- 1. 

In the sequel, when we speak of /aces of we always mean closed faces. Of course each 
vertex V{ is weighted with the relevant invariants of the corresponding surface Xj. We will 
usually omit these weights if X is planar, i.e. if all the Xj's are planes. 
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By abusing notation, we will sometimes denote by Gx also the natural CW-complex asso- 
ciated to the graph Gx- 

Since each R n -, S n -, .E^-point is an element of some set of points £y& (cf. Notation 13.31) . 
we remark that there can be different faces (as well as open faces and angles) of Gx which 
are incident on the same set of vertices and edges. However this cannot occur if X is planar. 




Figure 6. Associated graphs of i? 3 -, E 3 -, i? 4 - and ^-points (cf. Figure [5]). 

Consider three vertices Vi,Vj,Vk of Gx in such a way that Vi is joined with Vj and Vj~- 
Assume for simplicity that the double curves Cy, 1 ^ i < j ^ v, are irreducible. Then, 
any point in CV,- R is either a R n -, or an S n -, or an -E n -point, and the curves CV, and 
Cik intersect transversally, by definition of Zappatic singularities. Hence we can compute the 
intersection number CV, ■ Cik by adding the number of closed and open faces and of angles 
involving the edges , e^. In particular, if X is planar, for every pair of adjacent edges only 
one of the following possibilities occur: either they belong to an open face, or to a closed 
one, or to an angle. Therefore for good, planar Zappatic surfaces we can avoid marking open 
3-faces without losing any information (see Figures [6] and [7] ) . 



VI v 3 




<'2 



Figure 7. Associated graph to a i? 3 -point in a good, planar Zappatic surface. 

As for stick curves, if G is a given graph as above, there does not necessarily exist a good 
planar Zappatic surface X such that its associated graph is G = Gx- 

Example 3.7. Consider the graph G of Figure El If G were the associated graph to a good 
planar Zappatic surface X, then X should be a global normal crossing union of 4 planes with 
5 double lines and two E 3 points, P123 and -P134, both lying on the double line C13. Since 
the lines C23 and C34 (resp. C14 and C12) both lie on the plane X 3 (resp. Xi), they should 
intersect. This means that the planes X 2 ,X i also should intersect along a line, therefore the 
edge e 24 should appear in the graph. 

Analogously to Example 13.71 one can easily see that, if the 1-skeleton of G is E 3 or 
then in order to have a planar Zappatic surface X such that Gx = G, the 2-skeleton of G 
has to consist of the face bounded by the 1-skeleton. 

Let us see two more examples of planar Zappatic surfaces. 
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Figure 8. Graph associated to an impossible planar Zappatic surface. 

Example 3.8. In P 4 , with homogeneous coordinates xq, ...,£4, consider the good planar 
Zappatic surface X which is union of the five planes 

X = {x 4 = xo = 0}, Xi = {xi = Xi-i = 0}, i = 1, 2, 3, 4. 

The associated graph is a cycle E$ with no closed faces and the Zappatic singularities are five 
i?3-points, which, according to the previous remark, we do not mark with open 3-faces. 

Example 3.9. In P 5 , with affine coordinates X\, . . . , x 5 , the planar Zappatic surface X, which 
is the union of the five planes 

X\ = {x 4 = x 5 = xi = 0}, X 2 = {x 5 = xi = x 2 = 0}, 

Xi = {xi_ 2 = = Xi = 0}, i = 3, 4, 5, 

has an E's-point at (0, 0, 0, 0, 0). The associated graph is a again a cycle E 5 but with a closed 
5-face. 

It would be interesting to characterize all the graphs which can be associated to a good 
Zappatic surface. 

Let us see some examples of a good, non-planar, Zappatic surface. 

Example 3.10. Consider IcF 3 the union of two general quadrics X\ and X 2 and a general 
plane X 3 . Then, C\ 2 = C21 is a smooth elliptic quartic in P 3 whereas C13 = C31 and C 23 = C 32 
are smooth conies; moreover, 

X\ n x 2 n X3 = S123 = S213 = • • • = £ 3 2i 

consists of four distinct points. Hence, Gx has three vertices, three edges (in a cycle) and 
four triangles (i.e. 3-faces) which are incident on the same set of vertices (equiv. edges). 

We can also consider an example of a good Zappatic surface with reducible double curves. 

Example 3.11. Consider D\ and D 2 two general plane curves of degree m and n, respectively. 
Therefore, they are smooth, irreducible and they transversally intersect each other in mn 
points. Consider the surfaces: 

X 1 = D 1 x P 1 and X 2 = D 2 x P 1 . 

The union of these two surfaces, together with the plane P 2 = X 3 containing the two curves, 
determines a good Zappatic surface X with only -E 3 -points as Zappatic singularities. 
More precisely, by using Notation 13.31 we have: 

. C 13 = X 1 nX 3 = D 1 , C 23 =X 2 nX 3 = D 2 , C 12 = X x nX 2 = £™ F k , where each F k 

is a fibre isomorphic to P 1 ; 
• S 123 = Xi fl X 2 fl X 3 consists of the mn points of the intersection of D% and D 2 in X 3 . 
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Observe that Cu is smooth but not irreducible. Therefore, the associated graph to X, i.e. 
Gx, consists of 3 vertices, mn + 2 edges and mn triangles incident on them. 

In order to combinatorially compute some of the invariants of a good Zappatic surface, we 
need some notation. 

Notation 3.12. Let X be a good Zappatic surface (with invariants as in Notation 13.31) and 
let G = Gx be its associated graph. We denote by 

• V : the (indexed) set of vertices of G; 

• v : the cardinality of V, i.e. the number of irreducible components of X; 

• E : the set of edges of G; this is indexed by the ordered triples (i, j, t) G V x V x N, 
where % < j and 1 ^ t ^ hij, such that the corresponding surfaces Xj, Xj meet along 
the curve C ij = C 5i = Cj U • • • U C-j j ; 

• e : the cardinality of E, i.e. the number of irreducible components of double curves in 

• E : the set of double curves CV, of X; this is indexed by the ordered pairs G 
V x V, where i < j, such that the corresponding surfaces Xj, Xj meet along the curve 
n. . — n • 

• e : the cardinality of E, i.e. the pairs of vertices of Gx which are joined by at least 
one edge; 

• f n : the number of n-faces of G, i.e. the number of _E n -points of X, for n ^ 3; 

• / := X] n >3 fnt the number of faces of G, i.e. the total number of _E n -points of X, for 
all n ^ 3; 

• r n : the number of open n-faces of G, i.e. the number of i? n -points of X, for n ^ 3; 

• r:= J2 n ^3 r ni the total number of _R n -points of X, for all n ^ 3; 

• s n : the number of n-angles of G, i.e. the number of ^-points of X, for n ^ 4; 

• s: — J2n>4: s n'- the total number of ^-points of X, for all n ^ 4; 

• Pn- = s n + r n , for n ^ 4, and p 3 = r 3 ; 

• p: = s + r = T,n>3Pn, 

• r: = p + f, the total number of good Zappatic singularities; 

• Wi m . the valence of the i th vertex Vi of G, i.e. the number of irreducible double curves 
lying on Xj; 

• x(G) := v — e + f , i.e. the Euler-Poincare characteristic of G; 

• G^ : the 1-skeleton of G, i.e. the graph obtained from G by forgetting all the faces, 
dashed edges and angles; 

• xiG^) — v — e, i.e. the Euler-Poincare characteristic of G^ l > . 

Remark 3.13. Observe that, when X is a good, planar Zappatic surface, E = E and the 
1-skeleton G^ of Gx coincides with the dual graph Go of the general hyperplane section D 
ofX. 

Now we can compute some of the invariants of good Zappatic surfaces. 

Proposition 3.14. (cf. [3, Proposition 3.12]) Let X = \J v i=1 Xi C P r be a good Zappatic 
surface and let G = Gx be its associated graph. Let C be the double locus of X , i.e. the union 
of the double curves of X , Cij = Cji — Xj fl Xj and let Cij = deg(CV,). Let D{ be a general 
hyperplane section o/Xj, and denote by gi its genus. Then the arithmetic genus of a general 
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hyperplane section D of X is: 

V 

(3.15) g = Y 9i + Y Cij-v + l. 

i=l l^i<j^v 

In particular, when X is a good, planar Zappatic surface, then 

(3.16) g = e-v + l = l- X {GM). 

Proof. Denote by di the degree of JQ, 1 ^ i ^ v. Then, D is the union of the v irreducible 
components D i: 1 ^ i ^ v, such that deg(-Dj) = and d := deg(D) = Y^i=i d%- Consider its 
associated graph Go, defined as in § El 

Take G, whose indexed set of edges is denoted by E, and consider an edge e\j G E joining 
its vertices Vi and Vj, i < j, which correspond to the irreducible components Xi and Xj, 
respectively. The edge e\j in G corresponds to an irreducible component C\j of the double 

curve Cij, 1 ^ t ^ hif, its degree is denoted by cjj, so that c^- = Ylt=i c lj- 

Thus, we have exactly cij oriented edges in the graph Gd joining its vertices Vi and Vj, 
which now correspond to the irreducible components of D, Di and Dj, respectively. These 
oriented edges correspond to the nodes of the reducible curve Di U Dj, which is part of 
the hyperplane section D. 

Now, recall that the Hilbert polynomial of D is, with our notation, -Po(t) = dt + 1 — g. On 
the other hand, Poif) equals the number of independent conditions imposed on hypersurfaces 
"K of degree t ^> to contain D. 

From what observed above on Go, it follows that the number of singular points of D is 
52gy&E c ij- These points impose independent conditions on hypersurfaces "K of degree t 0. 

Since t 3> by assumption, we get that the map 

H°(0 ¥ r(t))^H°(0 D Xt)) 

is surjective and that the line bundle ©^(t) is non-special on D i: for each 1 ^ i ^ v. Thus, in 
order for "K to contain Di we have to impose dit — gi + 1 — J2j s t Si-eE c *i conditions. Therefore 
the total number of conditions for % to contain D is: 



V / \ V V 

Y Ci i + Y\ dit -9i+i- Y Ci n = Y Ci i + dt - Y& + v ~ Y Y 

S_.,cR i=l i!,_.cK S...-CR »=1 i=l ip.-_.cR 



j,eij€E 



dt + v-^gi- ^ 



since ELiE^ 6 £ c y = 2 Ee ljeJ E c ii- This P roves (Offi) (cf. Formula (EED). 

The second part of the statement directly follows from the above computations and from 
the fact that, in the good planar Zappatic case gi = and Cy = 1, for each z < j, i.e. Go 
coincides with G^ (cf. Remark [3. 131) . □ 

By recalling Notation 13.121 one also has: 

Proposition 3.17. (cf. Proposition 3.15]j Let X = \JJ =1 Xi be a good Zappatic surface 
and Gx be its associated graph, whose number of faces is f . Let C be the double locus of X , 
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which is the union of the curves — Xi n Xj . Then: 

V 

(3-18) x (O x ) = ]T x (O x J- x(0 Cij ) + f. 

i=l li^i<j^v 

In particular, when X is a good, planar Zappatic surface, then 
(3.19) X (Ox) = x(Gx) = v - e + /. 

Proof. We can consider the sheaf morphism: 

(3-20) ©0*-^ © Oc I3 , 

defined in the following way: if 

denotes the projection on the (r/) th -summand, then 

(iTij o A)(/ii, . . . ,h v ) := hi - hj. 

Notice that the definition of A is consistent with the lexicographic order of the indices and 
with the lexicographic orientation of the edges of the graph Gx- 

Observe that, if X denotes the minimal desingularization of X, then X is isomorphic to 
the disjoint union of the smooth, irreducible components Xi, 1 ^ i ^ v, of X. Therefore, by 
the very definition of Ox, we see that 

ker(A) = X . 

We claim that the morphism A is not surjective and that its cokernel is a sky-scraper sheaf 
supported at the _E n -points of X, for n ^ 3. To show this, we focus on any irreducible 
component of C — Ui<i<j<t, ^V/' ^ ne double locus of X. For simplicity, we shall assume that 
each curve CV, is irreducible; one can easily extend the same computations to the general 
case. 

Fix any index pair with i < j, and consider the generator 

(3.21) (0,. .. ,0,1,0,. ..,0)G © Clm , 

where 1 G Ocv, , the (r/') th -summand. The obstructions to lift up this element to an element 
Of 0! <t<i> ®x t are given by the presence of good Zappatic singularities of X along CV, . 

For what concerns the irreducible components of X which are not involved in the intersec- 
tion determining a good Zappatic singularity on CV,, the element in (13 .211) trivially lifts-up 
to on each of them. Thus, in the sequel, we shall focus only on the irreducible components 
involved in the Zappatic singularity, which will be denoted by X iy Xj, X it , for 1 ^ t ^ n — 2. 

We have to consider different cases, according to the good Zappatic singularity type lying 
on the curve Cy = Xi fl Xj . 

• Suppose that C^ passes through a -R„-point P of X, for some n; we have two different 
possibilities. Indeed: 
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(a) let Xi be an "external" surface for P — i.e. Xj corresponds to a vertex of the 
associated graph to P which has valence 1. Therefore, we have: 



Xi Xj 



X, 



1 n — 3 L n — 2 



In this situation, the element in 03.211) lifts up to 

(1,0,..., 0) e Xi ®0 Xj © Ox k - 

(b) let Xi be an "internal" surface for P — i.e. Xj corresponds to a vertex of the 
associated graph to P which has valence 2. Thus, we have a picture like: 



Xi± x i 2 Xi 3 Xi 



x, 



Xi _ Xi . 

L n — 3 L n — 2 



In this case, the element in (13.211) lifts up to the n-tuple having components: 

1 G Ox h , for those X^'s corresponding to vertices in the graph associated to P 
which are on the left of Xj and, 

G Ox ifc for those X/ fc 's corresponding to vertices in the graph associated to P 

which are on the right of Xj . 
Suppose that CV, passes through a S^-point P of X, for any n; as before, we have two 
different possibilities. Indeed: 

(a) let Xj correspond to the vertex of valence n — 1 in the associated graph to P, i.e. 




X 3 X l k+1 X l k+2 



In this situation, the element in f!3.21f) lifts up to the n-tuple having components: 

1 e Xt , 
OgO*,, 

1 G Xlt , for alll<t<n-2. 
(b) let Xj correspond to a vertex of valence 1 in the associated graph to P. Since 
Cij 7^ by assumption, then Xj has to be the vertex of valence n — 1, i.e. we have the 
following picture: 




Thus, the element in (13.211) lifts up to the n-tuple having components 

G Xlt , for all 1 < t < n -2. 
Suppose that CV, passes through an ^-point P for X. Then, each vertex of the 
associated graph to P has valence 2. Since such a graph is a cycle, it is clear that no 
lifting of (13.211) can be done. 
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To sum up, we see that coker(A) is supported at the _E n -points of X. Furthermore, if we 
consider 

o Ci ,^Op = c P , 0/, ; - 

it is clear that, if P is an E^-point then 



ev P ( O c ../Im(A)j =C P . 



This means that 



coker(A) S C J . 



By the exact sequences 

0^0^0 0^ Im(A) -> 0, -> Im(A) -> Q Cy -> C' -> 



we get (13181) . □ 

Not all of the invariants of X can be directly computed by the graph Gx- For example, 
if ujx denotes the dualizing sheaf of X, the computation of the cu-genus h°(X,Ux), which 
plays a fundamental role in degeneration theory, is actually much more involved, even if X 
has mild Zappatic singularities, as we shall see in the next section (cf. also [7]). 

To conclude this section, we observe that in the particular case of good, planar Zappatic 
surface one can determine a simple relation among the numbers of Zappatic singularities, as 
the next lemma shows. 

Lemma 3.22. (cf. P, Lemma 3.16],) Let G be the associated graph to a good, planar Zappatic 
surface X = U" =1 -X*. Then, with Notation ( 13.121) . we have 

(3.23) ± fci* = £ („/. + („ - 2)r.) + £ (" " l ) s n . 

i=l n^3 n^4 ^ ' 

Proof. The associated graph to three planes which form a i? 3 -point consists of two adjacent 
edges (cf. Figure!?]). The total number of two adjacent edges in G is the left hand side member 
of (13.23ft by definition of valence Wi. On the other hand, an ra-face (resp. an open n-face, resp. 
an n-angle) clearly contains exactly n (resp. n — 2, resp. ("T )) pairs of adjacent edges. □ 

4. The cj-genus of a Zappatic surface 

The aim of this section is to compute the a>-genus of a good Zappatic surface X, as defined 
in Formula ( 11.11) . What we will actually do will be to compute the cohomology of the structure 
sheaf Ox, which is sufficient, since Pw(X) = h 2 (X, Ox)- 

We first define the map &x which appears in the statement of Theorem [2] 

Definition 4.1. Let X = Ui=i -^i be a good Zappatic surface. Let : if 1 (X i ,0xJ — > 
i? 1 (Cy, Ocij) be the restriction map to CV, as a divisor in Xj. We define the natural map: 

v i—lv 

(4.2) $ x : H\X h Xi ) - H\C lv (%.), <$>x{a t ) = - ^^(a*) + ]T r^o,) 

i=l l^i<j^.v j=l j=i+l 
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if Oj G if 1 (Xj, Ox J and extend <£>x linearly. When X is clear from the context, we will write 
simply $ instead of $x- 

The main result of this section is the following (cf. [TOj, Theorem 3.1] together with the 
beginning of § 2 and Definition 2.4 in [TO]): 

Theorem 4.3. Let X = U" =1 Xj 6e a good Zappatic surface. Then: 

V 

(4.4) p u (X) = h 2 (X, O x ) = h 2 (G x , C) + J> 9 (X) + dim(coker($)), 

i=i 

and 

(4.5) /^(X, w x ) = ^(X, O x ) = h\G x , C) + dim(ker($)) 

where Gx is the associated graph to X and $ = $x is the map of Definition ^. 1 , 

Proof. Let p±, ...,Pf be the _E n -points of X, n ^ 3. As in the proof of Proposition 13.171 (cf. 
also Proposition 3.15 in [7j), one has the exact sequence: 

V f 

(4-6) O-O X -0O X ,^ O c ,i0O p ^O 

i=l l^i<j^v h=l 

where the maps are as follows: 

• Ox — > ©i=i Oxi is the direct sum of the natural restriction maps. 

• recall that dP G : ®^ =1 Ox^ — > 1<i<J<t , Qc#j can be described by considering the com- 
position of its restriction to each summand Ox^ with the projection to any summand 
Oc hfc , with h < k. This map sends g G Ox; to: 

(1) G Oc hk , if both h, k are different from i; 

(2) g\ Cik G Cih if k > i; 

(3) ~S|c fcI e Cfci if fc < z; 

• the map : ©i^^-^ Oc^ ®{=i Ph again can be described by considering the 
composition of its restriction to each summand Ociy, with i < j, with the projection 
to any summand Ph . Suppose ph is an _E n -point corresponding to a face of Gx 
such that dF h = Xa^i<j^, e uA?> where either = or 6ij — il. Then this map 
sends g G ClJ to e i:j g{p h ). 

We note that the induced maps on global sections in each case are the corresponding 
cochain map for the graph Gx] this motivates the notation for these maps used in ( 14.61) . 
Let A be the kernel of the sheaf map d,Q, so that we have two short exact sequences 

V 

(4.7) -> Ox -> Xi -+ A -> 

i=i 

and 

(4-8) O^A^ O C ,^0O P ^O. 
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The latter gives the long exact sequence: 

l^i<j^v h=l 
l^.i<j^.v 

and since the cokernel of the map d l G is H 2 (Gx,C), we derive the short exact sequence 
(4.9) o^H 2 (G x ,C)^H\A)^ H\0 Cij ) - 0. 

From the short exact sequence ( 14.71) we have the long exact sequence: 



- tf°(O x ) - 0iJ°(O Xi ) - tf°(A) 



i=l 



- ^(Ox) - 0^(OxJ ^(A) - H 2 (O x ) - 02/*( Oje J -> 0. 
i=i t=i 
Now is the kernel of (which is if (A)) modulo the image of d G , which is 

the image of the map ©" =1 H°(Oxi) — > -H"°(A) in the first line above. Hence we recognize 
H l {G x , C) as the cokernel of this map, and therefore the second line of the above sequence 
becomes 

V V 

- H\G X , C) - ^(Ox) - ^(OxJ ^(A) - 2 (O x ) - # 2 (O x J - 0. 

i=l i=l 

Now the composition of the map (3 with the map a is exactly the map $: $ = /3oa. We claim 
that a and $ have the same kernel, which by (14.91) is equivalent to having lm(a)r\H 2 (Gx, C)(= 
ker(/?)) = {0}. 

If we are able to show this, then the leftmost part of the above sequence would split off as 

-> H l {G x , C) -> tf^Ox) -> ker(a) = ker($) -> 

which would prove the H 1 statement of the theorem. In addition, if this is true, then the 
natural surjection from the cokernel of a to the cokernel of $ would have ker(/3) = H 2 (Gx, C) 
as its kernel, and we would have dim(coker(a)) = dim H 2 (Gx, C) + dim(coker($)). Since the 
rightmost part of the long exact sequence above splits off as 

V 

-> coker(a) -> # 2 (Ox) -> # 2 (0 Xi ) -> 

8=1 

we see that the if 2 statement of the theorem follows also. 

To prove that Im(a) R H 2 {Gx, C) = {0}, notice that the sheaf map d G (which has A as its 
image) factors through obvious maps: 

V V 

©Q*-0Qc 4 - Oc, 

i=l i=l l$Ci<j'^u 
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and therefore the map a on the H 1 level factors as: 

V V 

i=l i=l 

Moreover one has the short exact sequence: 

V 

-> °c -> Ci -> A - 

i=i 

where C is the singular locus of X, and thus we have an exact sequence: 

V 

(4.10) H\C, Oc) - H\Q Ci ) - H\A) -> 0. 

We remark that iJ^Cj, O^J [resp. H l (C, Oc)] is the tangent space at the origin to Pic°(Cj) 
[resp. to Pic°(C)] which is a (C*) 5i -extension [resp. a (C*) <5 -extension] of ©J =1 Pic°(Cy) [resp. 
°f 0i<i<,-^ Pi c °(Cii)]? w nere 8i [resp. 5] depends on the singular points of Cj [resp. of C]. 

There are natural restriction maps: 

V V 

a:0Pic°TO^0Pic°(C<) 

i=l i=l 

and 

6:Pic°(C)^0Pic°(a) 

i=l 

which are maps of C*-extensions of abelian varieties; their differentials at the origin are 

i=i i=i 

and 

H\C,<D c )^@H\0 Ci ) 

8=1 

respectively; the latter is the leftmost map of the sequence (14.101) . 
The map b appears in the following exact diagram: 

> (C*) s > Pic°(C) > ©^ Pic°(C y ) > 

> ©, (C*)* > ©, Pic°(a) > © M Pic°(C y ) ► 

The vertical map on the right is an injection; indeed, it is the direct sum of diagonal maps 
Pic°(CV,) — > Pic°(Cjj) 0Pic°(Cjj). Therefore, if we denote by V the cokernel of the central 
map b, we have a short exact sequence of cokernels 

_> (c*)t ^V—> Pic°(C r fi ) -> 

for some 7; in particular, V is again a C*-extension of abelian varieties. We now recognize 
by (|4.10p that A) is the tangent space at the origin to V; moreover the sequence (14. 9p 
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is the map on tangent spaces for the above sequence of groups. In particular the map [3 is 
the tangent space map for the projection V — > © i<:? - Pic°(Cy). 

Composing a with the projection of ®^ =1 Pic (Cj) to V gives a map 

V 

c:0Pic o (X 4 )-V 

i=i 

whose differential at the origin is the previously encountered map 

V 
8=1 

Now 0^ =1 Pic°(Xj) is compact, and therefore the image of c in V has finite intersection 
with the kernel of the projection V — > ©k^-^ Pic (C^). At the tangent space level, this 
means that the image of a has trivial intersection with the kernel of the map j3, which we 
have identified as H 2 (Gx,C), which was to be proved. □ 

Remark 4.11. Note that, in particular, Formulas (14.41) and (|4.5I) agree with, and imply, 
Formula ( 13.181 ) that we proved in Proposition 13. 171 

In case X is a planar Zappatic surface, Theorem 14.31 implies the following: 

Corollary 4.12. Let X be a good, planar Zappatic surface. Then, 

(4.13) p u {X) = b 2 {G x ), 

(4.14) q{X) = b l {G x ). 

5. Degenerations to Zappatic surfaces 

In this section we will focus on flat degenerations of smooth surfaces to Zappatic ones. 

Definition 5.1. Let A be the spectrum of a DVR (equiv. the complex unit disk). A degen- 
eration of relative dimension n is a proper and flat morphism 

X 

1- 
A 

such that X t = 7T _1 (t) is a smooth, irreducible, n-dimensional, projective variety, for t ^ 0. 
If Y is a smooth, projective variety, the degeneration 

X C A x Y 



-I 




A 

is said to be an embedded degeneration in Y of relative dimension n. When it is clear from 
the context, we will omit the term embedded. 

We will say that X — » A is a normal crossing degeneration if the total space X is smooth 
and the support X red of the central fibre X = X is a divisor in X with global normal crossings, 
i.e. A re< j is a good Zappatic surface with only i?3-points as Zappatic singularities. 

A normal crossing degeneration is called semistable (see, e.g., [43]) if the central fibre is 
reduced. 
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Remark 5.2. Given a degeneration tt : X —> A, Hironaka's Theorem on the resolution of 
singularities implies that there exists a birational morphism X — > X such that X — > A is a 
normal crossing degeneration, which we will call a normal crossing reduction of tt. 

Given a degeneration n : X — ► A, the Semistable Reduction Theorem (see Theorem on p. 
53-54 in [33]) states that there exists a base change (3 : A — ► A, defined by = t m , for 
some m, a semistable degeneration 7r : X — > A and a diagram 

(5.3) x -*> X^ > X 




A > A 

such that the square is Cartesian and ip : X — > X^ is a birational morphism obtained by 
blowing-up a suitable sheaf of ideals on X@. This is called a semistable reduction of 7r. 

From now on, we will be concerned with degenerations of relative dimension two, namely 
degenerations of smooth, projective surfaces. 

Definition 5.4. (cf. [HI Definition 4.2]) Let X — > A be a degeneration (equiv. an embedded 
degeneration) of surfaces. Denote by X t the general fibre, which is by definition a smooth, 
irreducible and projective surface; let X = X denote the central fibre. We will say that the 
degeneration is Zappatic if X is a Zappatic surface, the total space X is smooth except for: 

• ordinary double points at points of the double locus of X, which are not the Zappatic 
singularities of X; 

• further singular points at the Zappatic singularities of X of type T n , for n ^ 3, and 

Z n , for n ^ 4, 

and there exists a birational morphism X' — > X, which is the composition of blow-ups at 
points of the central fibre, such that X' is smooth. 

A Zappatic degeneration will be called good if the central fibre is moreover a good Zappatic 
surface. Similarly, an embedded degeneration will be called a planar Zappatic degeneration 
if its central fibre is a planar Zappatic surface. 

Notice that we require the total space X of a good Zappatic degeneration to be smooth at 
^3-points of X. 

On the other hand, if n : X — > A is an arbitrary degeneration of surfaces such that 
7r _1 (t) = Xt, for t 7^ 0, is by definition a smooth, irreducible and projective surface and the 
central fibre X is a good Zappatic surface, then the total space X of tt may have the following 
singularities: 

• double curves, which are double curves also for X; 

• isolated double points along the double curves of X; 

• further singular points at the Zappatic singularities of X, which can be isolated or 
may occur on double curves of the total space. 

The singularities of the total space X of either an arbitrary degeneration with good Zappatic 
central fibre or of a good Zappatic degeneration will be described in details in Sections [6] and 

m 
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Notation 5.5. Let X — ► A be a degeneration of surfaces and let X t be the general fibre, 
which is a smooth, irreducible and projective surface. Then, we consider the following intrinsic 
invariants of X t : 

• x ■= x(Ox t ); 

• K 2 := K\ . 

If the degeneration is assumed to be embedded in P r , for some r, then we also have: 

• d:= deg(X 4 ); 

• g := (K + H)H/2 + 1, the sectional genus of X t . 

We will be mainly interested in computing these invariants in terms of the central fibre 
X . For some of them, this is quite simple. For instance, when X — > A is an embedded 
degeneration in P r , for some r, and if the central fibre Xo = X = \Jl =1 Xi, where the X{S 
are smooth, irreducible surfaces of degree di, 1 ^ i ^ v, then by the flatness of the family we 
have 

V 

d = di. 

i=l 

When X = Xo is a good Zappatic surface (in particular a good, planar Zappatic surface), 
we can easily compute some of the above invariants by using our results of § [3l Indeed, by 
Propositions 13.14 1 and 13.171 by the flatness of the family, we get: 

Proposition 5.6. Let X — > A be a degeneration of surfaces and suppose that the central 
fibre Xq = X = |J" =1 X% is a good Zappatic surface. Let G = Gx be its associated graph ( cf. 
Notation \3.1S\) . Let C be the double locus of X, i.e. the union of the double curves of X, 
Cij = Cji = Xi fl Xj and let C(j = deg(Cy). 

(i) If f denotes the number of (closed) faces of G, then 

V 

(5-7) x = Y^ X (0 Xi )- £ x(0 Cij )+f. 

i=l l^.i<j^v 

Moreover, if X = Xo is a good, planar Zappatic surface, then 

(5.8) x = x (G)=v-e + f, 
where e denotes the number of edges of G. 

(ii) Assume further that X — > A is embedded in W . Let D be a general hyperplane section of 
X ; let Di be the i th -smooth, irreducible component of D, which is a general hyperplane section 
of X i; and let gi be its genus. Then 

V 

(5.9) g = ^2g i J r ^2 Cij-V + 1. 

i=l l^i<j^v 

When X is a good, planar Zappatic surface, if G^ denotes the 1-skeleton of G, then: 

(5.10) g = 1 -x(G {1) ) = e-v + 1. 

In the particular case that X — » A is a semistable degeneration, i.e. if X has only E^-points 
as Zappatic singularities and the total space X is smooth, then \ can be computed also in a 
different way by topological methods via the Clemens-Schmid's exact sequence (cf. e.g. |43j). 

Proposition [521 is indeed more general: X is allowed to have any good Zappatic singularity, 
namely R n -, S n - and _E n -points, for any n ^ 3, the total space X is possibly singular, even 
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in dimension one, and, moreover, our computations do not depend on the fact that X is 
smoothable, i.e. that X is the central fibre of a degeneration. 

6. Minimal and quasi-minimal singularities 

In this section we shall describe the singularities that the total space of a degeneration of 
surfaces has at the Zappatic singularities of its central fibre. We need to recall a few general 
facts about reduced Cohen-Macaulay singularities and two fundamental concepts introduced 
and studied by Kollar in [34] and [35] . 

Recall that V — ViU- • -UV r C P™, a reduced, equidimensional and non-degenerate scheme is 
said to be connected in codimension one if it is possible to arrange its irreducible components 
V\ , . . . , V r in such a way that 

codim^ Vj n (Vi U • • • U V^_i) = 1, for 2 < j ^ r. 

Remark 6.1. Let X be a surface in P r and C be a hyperplane section of X. If C is a pro- 
jectively Cohen-Macaulay curve, then X is connected in codimension one. This immediately 
follows from the fact that X is projectively Cohen-Macaulay (cf. Appendix [A]) . 

Given Y an arbitrary algebraic variety, if y G Y is a reduced, Cohen-Macaulay singularity 
then 

(6.2) emdim y (F) ^ mu\t y (Y) + dim y (Y) - 1, 

where emdim y (Y) = dim(my i3/ /my J/ ) is the embedding dimension of Y at the point y, where 
my iS C Oy, y denotes the maximal ideal of y in Y (see, e.g., [34]). 
For any singularity y G Y of an algebraic variety Y, let us set 

(6.3) 5 y (Y) = mult y (r) + dim^F) - emdim y (Y) - 1. 

If y G Y is reduced and Cohen-Macaulay, then Formula (16. 2p states that S y (Y) ^ 0. 
Let H be any effective Cartier divisor of Y containing y. Of course one has 

mu\t y (H) ^ multj/r). 

Lemma 6.4. (cf. (9j Lemma 5.4]j In the above setting, if emdim y (Y) = emdim y (H) , then 
mvity(H) > multj,(y). 

Proof. Let / G Oy, y be a local equation defining H around y. If / G my^ \ m y?/ (non- 
zero), then / determines a non-trivial linear functional on the Zariski tangent space T y (Y) = 
(my j j / /m y?/ ) v . By the definition of emdim y (H) and the fact that / G vc\y,y \ m Y,y? it follows 
that emdim y (H) = emdim y (y) — 1. Thus, if emdim y (F) = emdim y (i/), then / G rn y?/ , for 
some h ^ 2. Therefore, mult y (if) ^ /imult y (y) > mult y (F). □ 

We let 

(6.5) v := v y {E) = min{n G N 
Notice that: 

(6.6) mult y (H) ^ z/mult ?/ (F), emdim 2/ (iif) = 



emdim ?/ (F) if z/ > 1, 

emdimj / (y) — 1 if i/ = 1. 
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Lemma 6.7. (cf. (9j Lemma 5.7]) One has 

5y(H) > 6y(Y). 

Furthermore: 

(i) if the equality holds, then either 

(1) mult,, (if) = multy(F), emdim y (H) = emdim y (Y) — 1 and v y (H) = 1, or 

(2) mu\t y (H) = multy(y) + 1, emA\m y (H) = emdim y (Y) , in which case v y (H) = 2 
and multy(y) = 1; 

(ii) if S y (H) = 5 y (Y) + 1, then either 

(1) mu\ty(H) = mu\t y (Y) + 1, emdim y (ff ) = emdim y (Y) — 1, in which case v y (H) = 
1, or 

(2) mult (if) = mult y (F) + 2 and emdim y (if) = emdim y (F), in which case either 

(a) 2 ^ Uy(H) ^ 3 and mv&t y (Y) = I, or 

(b) v y {H) = mult w (Y) = 2. 

Proof. It is a straightforward consequence of (I6.3P , of Lemma 16.41 and of (16.61) • D 
We will say that H has general behaviour at y if 

(6.8) mult^iO = mult^F). 
We will say that H has good behaviour at y if 

(6.9) 5y(H)=5y(Y). 

Notice that if if is a general hyperplane section through y, than H has both general and 
good behaviour. 

We want to discuss in more details the relations between the two notions. We note the 
following facts: 

Lemma 6.10. (cf. [SI Lemma 5.10],) In the above setting: 

(i) if H has general behaviour at y, then it has also good behaviour at y; 

(ii) if H has good behaviour at y, then either 

(1) H has also general behaviour and emdim J/ (F) = emdim y (if ) + 1, or 

(2) emdim^F) = emdim y (H), in which case mv&t y (Y) = 1 andv y (H) = mult y (if) = 
2. 

Proof. The first assertion is a trivial consequence of Lemma I6.4L 

If H has good behaviour and mult y (F) = mult ^ (if), then it is clear that emdim y (F) = 
emdim y (if) + I. Otherwise, if mn\t y {Y) ^ mult y (if), then mult y (if) = mv\t y (Y) + 1 and 
emdim,y(F) = emdim 2/ (ff). By Lemma 16771 (i), we have the second assertion. □ 

As mentioned above, we can now give two fundamental definitions (cf. [34] and |35j): 

Definition 6.11. (cf. [9], Definition 5.11]) Let Y be an algebraic variety. A reduced, Cohen- 
Macaulay singularity y G Y is called minimal if the tangent cone of Y at y is geometrically 
reduced and S y (Y) = 0. 

Remark 6.12. Notice that if y is a smooth point for Y, then S y (Y) = and we are in the 
minimal case. 
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Definition 6.13. (cf. [H, Definition 5.13]) Let Y be an algebraic variety. A reduced, Cohen- 
Macaulay singularity y G Y is called quasi-minimal if the tangent cone of Y at y is geomet- 
rically reduced and S y (Y) = 1. 

It is important to notice the following fact: 

Proposition 6.14. (cf. [9] Proposition 5.14],) Let Y be a projective threefold and y <EY be a 
point. Let H be an effective Cartier divisor ofY passing through y. 

(i) // H has a minimal singularity at y, then Y has also a minimal singularity at y. 
Furthermore H has general behaviour at y, unless Y is smooth at y and v y (H) = 
mult y (H) = 2. 

(ii) If H has a quasi-minimal, Gorenstein singularity aty then Y has also a quasi-minimal 
singularity at y, unless either 

(1) mu\ty(H) = 3 and 1 ^ mult w (Y) < 2, or 

(2) emdim^F) = 4, mvHt y (Y) = 2 and emdim y (H) = mvlt y (H) = 4. 

Proof. Since y G H is a minimal (resp. quasi-minimal) singularity, hence reduced and Cohen- 
Macaulay, the singularity y G Y is reduced and Cohen-Macaulay too. 

Assume that y G H is a minimal singularity, i.e. 5 y (H) = 0. By Lemma 16771 (i), and by 
the fact that S y (Y) ^ 0, one has S y (Y) = 0. In particular, H has good behaviour at y. By 
Lemma [6. 101 (ii), either Y is smooth at y and v y (H) = 2, oi H has general behaviour at y. 
In the latter case, the tangent cone of Y at y is geometrically reduced, as is the tangent cone 
of H at y. Therefore, in both cases Y has a minimal singularity at y, which proves (i). 

Assume that y G H is a quasi-minimal singularity, namely S y (H) = 1. By Lemma [6771 then 
either S y (Y) = 1 or S y (Y) = 0. 

If S y (Y) = 1, then the case (i.2) in Lemma 16771 cannot occur, otherwise we would have 
S y (H) = 0, against the assumption. Thus H has general behaviour and, as above, the 
tangent cone of Y at y is geometrically reduced, as the tangent cone of H at y is. Therefore 
Y has a quasi-minimal singularity at y. 

If S y (Y) = 0, we have the possibilities listed in Lemma [5771 (ii). If (1) holds, we have 
mvity(H) = 3, i.e. we are in case (ii. 1) of the statement. Indeed, Y is Gorenstein at y as 
H is, and therefore S y (Y) = implies that mult^Y) ^ 2 by Corollary 3.2 in [~49], thus 
mult y (H) ^ 3, and in fact mu\t y (H) = 3 because S y (H) = 1. Also the possibilities listed in 
Lemma [6771 (ii. 2) lead to cases listed in the statement. □ 

Remark 6.15. From an analytic viewpoint, case (1) in Proposition 16.141 (ii), when Y is 
smooth at y, can be thought of as Y = P 3 and H a cubic surface with a triple point at y. 

On the other hand, case (2) can be thought of as Y being a quadric cone in P 4 with 
vertex at y and as H being cut out by another quadric cone with vertex at y. The resulting 
singularity is therefore the cone over a quartic curve T in P 3 with arithmetic genus 1, which 
is the complete intersection of two quadrics. 

Now we describe the relation between minimal and quasi-minimal singularities and Zappatic 
singularities. First we need the following straightforward remark: 

Lemma 6.16. Any T n -point (resp. Z n -point) is a minimal (resp. quasi-minimal) surface 
singularity. 



The following direct consequence of Proposition 16.141 will be important for us: 
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Proposition 6.17. (cf. (9j Proposition 5.17]j Let X be a surface with a Zappatic singularity 
at a point x G X and let X be a threefold containing X as a Cartier divisor. 

• If x is a T n -point for X, then x is a minimal singularity for X and X has general 
behaviour at x; 

• If x is an E n -point for X , then X has a quasi-minimal singularity at x and X has 
general behaviour at x, unless either: 

(i) mult x (X) = 3 and 1 ^ mult x (X) ^ 2, or 

(ii) emdim 2 .(X) = 4, mult x (X) = 2 and emdim^X) = mult^X) = 4. 

In the sequel, we will need a description of a surface having as a hyperplane section a stick 
curve of type Cs nl Cr^, and Ce„ (cf. Examples 12.71 and 12.81) . 

First of all, we recall well-known results about minimal degree surfaces (cf. [27], page 525). 

Theorem 6.18 (del Pezzo). Let X be an irreducible, non-degenerate surface of minimal 
degree in P r , r ^ 3. Then X has degree r — 1 and is one of the following: 

(i) a rational normal scroll; 

(ii) the Veronese surface, if r = 5. 

Next we recall the result of Xambo concerning reducible minimal degree surfaces (see [53]). 

Theorem 6.19 (Xambo). Let X be a non- degenerate surface which is connected in codimen- 
sion one and of minimal degree in P r , r ^ 3. Then, X has degree r — 1, any irreducible 
component of X is a minimal degree surface in a suitable projective space and any two com- 
ponents intersect along a line. 

In what follows, we shall frequently refer to Appendix [A] Let X C P r be an irreducible, 
non-degenerate, projectively Cohen-Macaulay surface with canonical singularities, i.e. with 
Du Val singularities. We recall that X is called a del Pezzo surface if 0x(— 1) — ^x- We 
note that a del Pezzo surface is projectively Gorenstein (cf. Definition IA.49I in Appendix lAl) . 

Theorem 6.20. (del Pezzo, [17]. Compare also with 0, Theorem 5.20],) Let X be an irre- 
ducible, non-degenerate, linearly normal surface of degree r in P r . Then one of the following 
occurs: 

(i) one has 3 ^ r ^ 9 and X is either 

a. the image of the blow-up off 2 at 9 — r suitable points, mapped to P r via the linear 
system of cubics through the 9 — r points, or 

b. the 2- Veronese image in P 8 of a quadric in P 3 . 
In each case, X is a del Pezzo surface. 

(ii) X is a cone over a smooth elliptic normal curve of degree r in P r . 

Proof. Let / : Y — > X be a minimal desingularization of X. Let if be a general hyperplane 
section of X and let C :— f*(H). One has ^ p a (H) =?5 1. On the other hand, C is smooth 
and irreducible (by Bertini's theorem) of genus g ^ p a (H). By the linear normality, one has 
g — 1 and, therefore, also p a (H) =9 = 1- So if is smooth and irreducible, which means that 
X has isolated singularities. 

Assume that X is not a scroll. If r ^ 5, Reider's Theorem states that Ky + C is b.p.f. on 
Y. Thus, {K Y + C) 2 > 0. On the other hand, [K Y + C)C = 0. Then, the Index Theorem 
implies that K Y is numerically equivalent to — C . Therefore, H l (Y, Y (K Y )) = (0) and so Y 
is rational and K Y is linearly equivalent to — C. 
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By the Adjunction Formula, the above relation is trivially true also if r = 3 and r = 4. 

Now, r = C 2 = K 2 ^ 9. If r = 9, then Y = P 2 and C G |O p2 (3)|. If Y has no (-l)-curve, 
the only other possibility is r = K Y = 8 which leads right away to case (i) — b. 

Suppose now that E is a (— l)-curve in Y, then CE = 1. We claim that \C + E\ is b.p.f., it 
contracts E and maps Y to a surface of degree r + 1 is P r+1 . Then, the assertion immediately 
follows by the description of the cases r = 8 and 9. To prove the claim, consider the exact 
sequence 

-> Y (C) -> Y {C + E) -> E -> 
and remark that /^(O^C)) = /i 1 (Oy(-2C)) = 0. 

Now suppose that X is a scroll which is not a cone. Note that Y is an elliptic ruled 
surface. Let R be the pull-back via / of a line L. We claim that all curves in the algebraic 
system {R} are irreducible. Otherwise, we would have some (— l)-curve on Y contracted 
by /, against the minimality assumption. Therefore Y is a minimal, elliptic ruled surface. 
Moreover, / : Y — > X is finite since / cannot contract any curve transversal to R, otherwise 
X would be a cone, and cannot contract any curve R. 

Now, Y = Pb(£), where E is an elliptic curve and £ is a rank-two vector bundle on E. If 
£ is indecomposable, then the e-invariant of the scroll is either e = or e = -1 (cf. Theorem 
2.15, page 377 in [30]). Let C be a section of the ruling with Cq = e. Then, C = Cq + aR, 
with a ^ 2. 

More precisely, we have a ^ 3. Otherwise, we would have r = Cq + 4 ^ 4, then the 
hyperplane section H of X would be a complete intersection so X would be a complete 
intersection hence a cone. Furthermore, when a = 3 then e = 0. Indeed, assume e = — 1 and 
a = 3, so CqC = 2. This would imply that X is a surface of degree 5 in P 5 with a double 
line (which is the image of Co). If we project X from this line, we have a curve of degree 3 
in P 3 which contradicts that Y is an elliptic scroll. 

Notice that K Y = -2C ~eR and therefore K Y -C = -3C -{e+a)R. Since {C-K Y )C = 
a + 4e, from what observed above, in any case (C — K Y )Co > 0. Since [C — K Y ) 2 = 6a + 15e > 
0, we have that C - K Y is big and nef. Therefore, h\Y, Y {C)) = h\Y, Y {K Y - C)) = 0. 
Look now at the sequence 

-)• Oy -> Y (C) -> O c (C) -> 0. 

Since Oy) = 1, then the restriction map 

H°(0 Y (C)) - if°(O c (C)) 

is not surjective, against the hypotesis that X is a surface of degree r in P r . 

Finally, assume that £ is decomposable. Then, £ = £i © £ 2 , where is a line bundle 
of degree di on E 1 , 1 ^ i $C 2. Observe that c?i + c?2 = r; furthermore, since X is not 
a cone, then h°(E,£ji) ^ 2, for each 1 ^ i ^ 2, hence ^ 2, for 1 ^ « ^ 2. Thus, 
h°(E, £) = £i) + £ 2 ) = rfi + rf 2 = r, a contradiction. □ 

Since cones as in (ii) above are projectively Gorenstein surfaces (see Appendix [A]), the 
surfaces listed in Theorem 16.201 will be called minimal Gorenstein surfaces. 

We shall make use of the following easy consequence of the Riemann-Roch theorem. 

Lemma 6.21. (Compare also with 0, Lemma 5.21]j Let D C P r be a reduced (possibly 
reducible), non-degenerate and linearly normal curve of degree r + d in¥ r , with ^ d < r. 
Then p a {D) = d. 
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Proof. Let Ojj(H) be the hyperplane line bundle on D. By assumption h°(D, Qrj(H)) = r + 1 
and deg(Oo(H)) = r + d. Riemann-Roch Theorem then gives: 

(6.22) Pa (D) = h\D, D (H)) + d = h°(D, u D ® D (-H)) + d, 

where up denotes the dualizing sheaf. Suppose that h {uj£, ® Od(-H)) > 0. Thus, the 
effectiveness of Od(H) and ujd <8> Od(—H) would imply that: 

p a (D) = h°(D, uo D ) > h°(0 D (H)) + h°(oo D ® D (-H)) - 1 = r + h°(uj D ® D (-H)), 

which contradicts ( 16.2211 . since d < r by hypothesis. □ 

Theorem 6.23. (cf. [SJ Theorem 5.22]) Let X be a non-degenerate, projectively Cohen- 
Macaulay surface of degree r in¥ r , r ^ 3, which is connected in codimension one. Then, any 
irreducible component of X is either 

(i) a minimal Gorenstein surface, and there is at most one such component, or 

(ii) a minimal degree surface. 

If there is a component of type (i), then the intersection in codimension one of any two 
distinct components can be only a line. 

If there is no component of type (i), then the intersection in codimension one of any two dis- 
tinct components is either a line or a (possibly reducible) conic. Moreover, if two components 
meet along a conic, all the other intersections are lines. 

Furthermore, X is projectively Gorenstein if and only if either 

(a) X is irreducible of type (%), or 

(b) X consists of only two components of type (ii) meeting along a conic, or 

(c) X consists of u,3 ^ u ^r, components of type (ii) meeting along lines and the dual 
graph Gd of a general hyperplane section D of X is a cycle E u . 

Proof. Let D be a general hyperplane section of X. Since X is projectively Cohen-Macaulay, it 
is arithmetically Cohen-Macaulay (cf. Proposition lA.30l) . This implies that D is an arithmeti- 
cally Cohen-Macaulay (equiv. arithmetically normal) (equiv. arithmetically normal) curve 
(cf. Theorem IA.31I in Appendix lAl). By Lemma 16.211 p a {D) = 1- Therefore, for each con- 
nected subcurve D' of D, one has ^ Pa(D') ^ 1 and there is at most one irreducible 
component D" with p a (D") = 1. In particular two connected subcurves of D can meet at 
most in two points. This implies that two irreducible components of X meet either along a 
line or along a conic. The linear normality of X immediately implies that each irreducible 
component is linearly normal too. As a consequence of Theorem 16.201 and of Lemma l6.21l all 
this proves the statement about the components of X and their intersection in codimension 
one. 

It remains to prove the final part of the statement. 

If X is irreducible, the assertion is trivial, so assume X reducible. 

Suppose that all the intersections in codimension one of the distinct components of X are 
lines. If either the dual graph Gd of a general hyperplane section D of X is not a cycle or 
there is an irreducible component of D which is not rational, then D is not Gorenstein (see 
the discussion at the end of Example [23]), contradicting the assumption that X is Gorenstein. 

Conversely, if Gd is a cycle E v and each component of D is rational, then D is projectively 
Gorenstein. In particular, if all the components of D are lines, then D isomorphic to Ce v 
(cf. again Example 12.81) . Therefore X is projectively Gorenstein too (cf. Proposition IA.53I in 
Appendix lAl) . 
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Suppose that X consists of two irreducible components meeting along a conic. Then D 
consists of two rational normal curves meeting at two points; thus the dualizing sheaf uo D is 
trivial, i.e. D is projectively Gorenstein and Gorenstein, therefore so is X (cf. Proposition 
IA.53I in Appendix [A} . 

Conversely, let us suppose that X is projectively Gorenstein and there are two irreducible 
components Xi and X 2 meeting along a conic. If there are other components, then there 
is a component X' meeting all the rest along a line. Thus, the hyperplane section contains 
a rational curve meeting all the rest at a point. Therefore the dualizing sheaf of D is not 
trivial, hence D is not Gorenstein, thus X is not Gorenstein. □ 

By using Theorems 16.181 16491 and 16.201 we can prove the following result: 

Proposition 6.24. (cf. [3, Proposition 5.23],) Let X be a non- degenerate surface in F r , for 
some r, and let n ^ 3 be an integer. 

(i) If r = n + 1 and if a hyperplane section of X is Cr u , then either: 

a. X is a smooth rational cubic scroll, possible only ifn = 3, or 

b. X is a Zappatic surface, with v irreducible components of X which are either 
planes or smooth quadrics, meeting along lines, and the Zappatic singularities of 
X are h ^ 1 points of type R mi , % — 1, . . . ,h, such that 

h 



In particular X has global normal crossings if and only if v = 2, i.e. if and only 
if either n = 3 and X consists of a plane and a quadric meeting along a line, or 
n = 4 and X consists of two quadrics meeting along a line. 
(ii) If r = n + 1 and if a hyperplane section of X is Cs n , then either: 

a. X is the union of a smooth rational normal scroll Xi = S(l, d — 1) of degree d, 
2 ^ d ^ n, and of n — d disjoint planes each meeting Xi along different lines of 
the same ruling, in which case X has global normal crossings; or 

b. X is planar Zappatic surface with h ^ 1 points of type S m , i = 1, . . . , h, such 
that 



(iii) If r = n and if a hyperplane section of X is Ce„ then either: 

a. X is an irreducible del Pezzo surface of degree n in F n , possible only if n ^ 6; in 
particular X is smooth if n = 6; or 

b. X has two irreducible components Xi andX 2 , meeting along a (possibly reducible) 
conic; X i; % = 1,2, is either a smooth rational cubic scroll, or a quadric, or a 
plane; in particular X has global normal crossings if X\ fl X 2 is a smooth conic 
and neither Xi nor X 2 is a quadric cone; 

c. X is a Zappatic surface whose irreducible components X\, . . . , X v of X are either 
planes or smooth quadrics. Moreover X has a unique E u -point, and no other 
Zappatic singularity, the singularities in codimension one being double lines. 

Proof, (i) According to Remark 16.11 and Theorem 16.191 X is connected in codimension one 
and is a union of minimal degree surfaces meeting along lines. Since a hyperplane section 



(6.25) 




i=l 



(6.26) 
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is a Cn n , then each irreducible component Y of X has to contain some line and therefore it 
is a rational normal scroll, or a plane. Furthermore Y has a hyperplane section which is a 
connected subcurve of Cn n . It is then clear that Y is either a plane, or a quadric or a smooth 
rational normal cubic scroll. 

We claim that Y cannot be a quadric cone. In fact, in this case, the hyperplane sections of 
Y consisting of lines pass through the vertex y G Y. Since Y n (X \ Y) also consists of lines 
passing through y, we see that no hyperplane section of X is a Cu n . 

Reasoning similarly, one sees that if a component Y of X is a smooth rational cubic scroll, 
then Y is the only component of X, i.e. Y — X, which proves statement a. 

Suppose now that X is reducible, so its components are either planes or smooth quadrics. 
The dual graph Go of a general hyperplane section D of X is a chain of length v and any 
connecting edge corresponds to a double line of X. Let x G X be a singular point and let 
Yi, . . . ,Y m be the irreducible components of X containing x. Let G' be the subgraph of Gr> 
corresponding to Y\ U • • • U Y m . Since X is projectively Cohen-Macaulay, then clearly G' is 
connected, hence it is a chain. This shows that a; is a Zappatic singularity of type R m . 

Finally we prove Formula ( 16.251) . Suppose that the Zappatic singularities of X are h points 
Xi, . . . , Xh of type R mi , ■ ■ ■ , Rm h , respectively. Notice that the hypothesis that a hyperplane 
section of X is a Cr 71 implies that two double lines of X lying on the same irreducible 
component have to meet at a point, because they are either lines in a plane or fibres of 
different rulings on a quadric. 

Xi 

• «fc; • • 

Figure 9. The points X; t and x i+ i share a common edge in the associated graph Gx- 

So the graph Gx consists of h open faces corresponding to the points x i} 1 ^ % ^ h, and 
two contiguous open faces must share a common edge, as shown in Figure [9l Thus, both 
Formula (16.250 and the last part of statement b. immediately follow. 

(ii) Arguing as in the proof of (i), one sees that any irreducible component Y of X is either 
a plane, or a smooth quadric or a smooth rational normal scroll with a line as a directrix. 

If Y is a rational normal scroll £7(1, d— 1) of degree d ^ 2, the subgraph of S n corresponding 
to the hyperplane section of Y is S^. Then a. follows in this case, namely all the other 
components of X are planes meeting Y along lines of the ruling. Note that, since X spans a 
P n+1 , these planes are pairwise skew and therefore X has global normal crossings. 

Suppose now that X is a union of planes. Then X consists of a plane II and of n — 1 more 
planes meeting II along distinct lines. Arguing as in part (i), one sees that the planes different 
from II pairwise meet only at a point in II. Hence X is smooth off II. On the other hand, it 
is clear that the singularities X{ in IT are Zappatic of type £7 mi , % = 1, . . . , h. This corresponds 
to the fact that — 1 planes different from II pass through the same point X{ G IT. Formula 
(16.260 follows by suitably counting the number of pairs of double lines in the configuration. 

(iii) If X is irreducible, then a. holds by elementary properties of lines on a del Pezzo surface. 
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Suppose that X is reducible. Every irreducible component Y of X has a hyperplane section 
which is a stick curve strictly contained in Ce^- By an argument we already used in part (i), 
then Y is either a plane, or a quadric or a smooth rational normal cubic scroll. 

Suppose that an irreducible component Y meets X \ Y along a conic. Since Ce„ is projec- 
tively Gorenstein, then also X is projectively Gorenstein (cf. Proposition IA.53I in Appendix 
lAlk so, by Theorem 16.231 X consists of only two irreducible components and b. follows. 

Again by Theorem 16.231 and reasoning as in part (i), one sees that all the irreducible 
components of X are either planes or smooth quadrics and the dual graph Gd of a general 
hyperplane section D of X is a cycle E v of length v. 

As we saw in part (i), two double lines of X lying on the same irreducible component Y 
of X meet at a point of Y . Hence X has some singularity besides the general points on the 
double lines. Again, as we saw in part (i), such singularity can be either of type R m or of type 
E mi where R m or E n are subgraphs of the dual graph Gr> of a general hyperplane section D of 
X. Since X is projectively Gorenstein, it has only Gorenstein singularities (cf. Remark [A.52I 
in Appendix lAl) . in particular i? m -points are excluded. Thus, the only singularity compatible 
with the above graph is an E u -point. □ 

Remark 6.27. At the end of the proof of part (in), instead of using the Gorenstein property, 
one can prove by a direct computation that a surface X of degree n, which is a union of planes 
and smooth quadrics and such that the dual graph Gd of a general hyperplane section D of 
X is a cycle of length u, must have an E u -pomt and no other Zappatic singularity in order 
to span a P n . 

Corollary 6.28. Let X — > A be a degeneration of surf aces whose central fibre X is Zappatic. 
Let x & X be a T n -point. Let X' be the blow-up of X at x. Let E be the exceptional divisor, 
let X' be the proper transform of X , Y = Cr n be the intersection curve of E and X' . Then 
E is a minimal degree surface of degree n in P n+1 = F(Tx, x ), an d V is one of its hyperplane 
sections. 



In particular, if x is either a R n - or a S n -point, then E is as described in Proposition \6.24 

Proof. The first part of the statement directly follows from Lemma 16.161 Proposition 16.171 
and Theorem 16. 191 □ 

We close this section by stating a result which will be useful in the sequel: 

Corollary 6.29. Let y be a point of a projective threefold Y . Let H be an effective Cartier 
divisor on Y passing through y. If H has an E n -point at y, then Y is Gorenstein at y. 

Proof. Recall that H is Gorenstein at y (cf. Remark lcT4l) and H locally behaves as a hyperplane 
section of Y at y (cf. the proof of Proposition ^. 14H . therefore Y is Gorenstein at y (cf. Theorem 
LAJSJin Appendix . □ 

Remark 6.30. Let X — > A be a degeneration of surfaces whose central fibre X is good 
Zappatic. From Definition 13.21 and Corollary 16.291 it follows that X is Gorenstein at all the 
points of X, except at its R n - and ^-points. 

7. Resolutions of the total space of a degeneration of surfaces to a 

Zappatic one 

Given n : X — > A a degeneration of surfaces with good Zappatic central fibre X = Xo, the 
aim of this section is to describe partial and total desingularizations of the total space X of 
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the degeneration. These will be fundamental tools in in Sections [8] and [TO], where we shall 
combinatorially compute the K 2 of the smooth fibres of X (cf. Theorem 13 . 1 H and prove the 
Multiple Point Formula (cf. Theorem 110.21) . respectively, as well as in Section [9J where we 
shall compute the geometric genus of the smooth fibres of X (cf. Theorem 19.91) . 

As recalled in Remark [3T4l a good Zappatic surface X is Gorenstein only at the _E n -points, 
for n ^ 3. Therefore, when X is the central fibre of a degeneration X — > A, from Remark 
16.301 then also X is Gorenstein at the -E^-points of its central fibre. Thus one can first consider 
a partial resolution of the total space X at the R n - and ^-points of X, for n ^ 3, in order 
to make both the total space and the central fibre Gorenstein. More precisely, one wants to 
produce a birational model of X, denoted by 

(7.1) X G -> A, 

such that: 

(i) X G is isomorphic to X off the central fibre; 

(ii) X G is Gorenstein; 

(iii) for each irreducible component Xj of the central fibre X = X of X there is some 
irreducible component of the central fibre X G = X G of X G which dominates Xj, 

1 s= i < v. 

X G is said to be a Gorenstein reduction of X. As it will be clear from the steps of Algorithm 
17.21 X G is a good Zappatic surface having only i? n -points as Zappatic singularities, so it is 
Gorenstein. In particular, both the dualizing sheaves oj-xg and uj x g will be invertible. 

For our aims, we also need to completely resolve the total space of the degeneration. In 
this case, as it will be shown in Algorithm 17.31 one can get a normal crossing reduction of X 
(cf. Remark [5721) , say X s , such that: 

(i) X s is smooth and it is isomorphic to X off the central fibre; 

(ii) its central fibre Xq = X s is a Zappatic surface whose support is with global normal 
crossings, i.e. X^ ed is with only £^ 3 -points as Zappatic singularities; 

(iii) for each irreducible component X, of the central fibre Xo = X of X there is some 
irreducible component of the central fibre X s which dominates Xj, 1 ^ i ^ v. 

Given a degeneration of surfaces n : X — > A, in order to determine both a Gorenstein and 
a normal crossing reduction of X it is necessary to carefully analyze the process, basically 
described in Chapter II of [33], which produces the semistable reduction. 

As we said in Remark 15.21 Hironaka's result implies the existence of a normal crossing 
reduction of 7r. The birational transformation involved in resolving the singularities can be 
taken to be a sequence of blow-ups (which one can arrange to be at isolated points and 
along smooth curves) interspersed with normalization maps. For general singularities such a 
procedure may introduce components and double curves which can affect the computation 
of the invariants of the central fibre, like e.g. the tu-genus, etc.. Our next task is to show 
that, under the assumption that the central fibre is good Zappatic, we have very precise 
control over its invariants. For this we will need to more explicitly describe algorithms which 
produce Gorenstein and normal crossing reductions of it, respectively. In order to do this, 
we will use, as common in programming languages, the word "while" to indicate that the 
statement following it is repeated until it becomes false. 
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Gorenstein reduction algorithm 7.2. Let X — > A be a degeneration of surfaces with good 
Zappatic central fibre. While X has a point p of type either R n or S n , n ^ 3, replace X by 
its blow-up at p. 

Normal crossing reduction algorithm 7.3. (cf. |T0l Algorithm 4.8]) Let X — > A be a 
degeneration of surfaces with good Zappatic central fibre having only -E^-points, n ^ 3, as 
Zappatic singularities. 

Step 1: while X has a point p of type E n and X has multiplicity n ^ 3 at p, replace X by its 
blow-up at p; 

Step 2: while X has a double curve 7, replace X by its blow-up along 7; 
Step 3: if X has a double point p, then replace X by the normalization of its blow-up at p and 
go back to Step 2; 

Step 4: while there is a component of Xo with a double point p, replace X by its blow-up at 

p; 

Step 5: while there are two components X% and X 2 of X meeting along a curve with a node 
p, first blow-up X at p, then blow-up along the line which is the intersection of the 
exceptional divisor with the proper transform of Xo, and finally replace X with the 
resulting threefold. 

The following proposition is devoted to prove that the above algorithms work (cf. the proof 
of [9l Theorem 6.1] and [10, Proposition 4.9]). 

Proposition 7.4. Let it : X — > A be a degeneration of surfaces with good Zappatic central 
fibre X = X = Ui=i X i- 

(1) Run the Gorenstein reduction algorithm EH" the algorithm stops after finitely many 
steps and its output gives a Gorenstein reduction tt g : X G — > A of 71. 

(2) Consider n : X — > A such that X has only E n -points, n ^ 3, as Zappatic singularities 
and run the normal crossing reduction algorithm \7.3l The algorithm stops after finitely 
many steps and its output gives a normal crossing reduction n : X — > A of n. 

Proof. (1) As observed in § El since n : X — ► A is an arbitrary degeneration of smooth surfaces 
to a good Zappatic one, the total space X of n may have the following singularities: 

• double curves, which are double curves also for X; 

• isolated double points along the double curves of X; 

• further singular points at the Zappatic singularities of X, which can be isolated or 
may occur on double curves of the total space. 

Our aim is to prove that the Gorenstein reduction algorithm 17.21 produces a total space which 
is Gorenstein and a central fibre which has only ^-points as Zappatic singularities. 

By Proposition 16.171 if X has either a i? n -point or a S^-point, n ^ 3, then the total space 
X has multiplicity n at p. Let X' — > X be the blow-up of X at a i? n -point [resp. S'n-point] p. 
By Proposition 16.241 the exceptional divisor E is a Zappatic surface of degree n in P n+1 such 
that all of its irreducible components are rational normal surfaces meeting along lines and E 
has at most i? m -points, m ^ n [resp. S^-points, m ^ n] as Zappatic singularities. Let X' be 
the proper transform of X. The curve r = E fl X' is a stick curve Cr u [resp. CsJ which, 
being nodal, does not contain any Zappatic singularity of E. The new central fibre E U X' 
has either E 3 - or ^-points at the double points of T, depending on whether E is smooth or 
has a double point there. These points are accordingly either smooth or double points for X'. 
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The fact that the process in (1) is repeated finitely many times follows e.g. from Proposition 
3.4.13 in [34]. If X G — > X is the composition of all the blow-ups done in (1), then ir G : X G — > A 
is a degeneration whose central fibre is a Zappatic surface with only i? n -points, n ^ 3, as 
Zappatic singularities. Thus n G : X G — > A is a Gorenstein reduction of 7r (this is clear for the 
double points, for the _E n -points of the central fibre, see Corollary 16.291 and Remark [6.301) . 

(2) Our aim is now to prove that, given 7r : X — > A as in (2), the normal crossing reduction 
algorithm EU resolves the singularities of the total space X and produces a central fibre whose 
support has global normal crossings. 

In general, the degeneration tc : X — > A we start with here in (2) will be the output of the 
Gorenstein reduction algorithm 17.21 applied to an arbitrary degeneration of smooth surfaces 
to a good Zappatic one. 

(Step 1) By Proposition 16.171 if X has an _E n -point p, n ^ 3, then either X has multiplicity 
n at p, or n ^ 4 and X has at most a double point at p. In this step we consider only the 
former possibility, since the other cases are considered in the next steps. Let X' — > X be the 
blow-up of X at p. By Proposition 16.241 the exceptional divisor E is a Gorenstein surface of 
degree n in P n which is one of the following: 

(I) an irreducible del Pezzo surface, possible only if n ^ 6; 

(II) a union F = Fx U F 2 of two irreducible components Fx and F 2 such that Fx fl F 2 is a 
(possibly reducible) conic; the surface Fj, i — 1,2, is either a smooth rational normal 
cubic scroll, or a quadric, or a plane; 
(III) a Zappatic surface, whose m ^ n irreducible components meet along lines and are 
either planes or smooth quadrics; moreover E has a unique Zappatic singularity, which 
is an E m -pomt. 

In case (I), the del Pezzo surface E has at most isolated rational double points. 

In case (II), the surface E is Zappatic unless either the conic is reducible or one of the two 
components is a quadric cone. Note that, if F\ fl F 2 is a conic with a double point p', then 
Fx and F 2 are tangent at p' and E has not normal crossings. 

Let X' be the proper transform of X. The curve r = E fl X' is a stick curve Ce„- In case 
(II), if an irreducible component of E is a quadric cone, the vertex of the cone is a double 
point of T and X' also has a double point there. In case (III), the curve T, being nodal, does 
not contain the _E m -point of E. As in (1), one sees that the singular points of T are either 
smooth or double points for X'. 

In cases (I) and (II), we have eliminated the original Zappatic E n singularity; in case (III), 
we have a single E m (m ^ n) point to still consider. Whatever extra double points have been 
introduced, will be handled in later steps. 

As in (1), also Step 1 is repeated finitely many times e.g. by Proposition 3.4.13 in [34]. 

(Step 2) Now the total space X of the degeneration has at most double points. Suppose that 
X is singular in dimension one and let 7 be an irreducible curve which is double for X. Then 
7 lies in the intersection of two irreducible components X\ and X 2 of X. By Definition 13.21 
of Zappatic surface and the previous steps, one has that 7 is smooth and the intersection of 
Xx and X 2 is transversal at the general point of 7. 

Now let X' —>■ X be the blow-up of X along 7. Let E be the exceptional divisor and X[, 
i — 1, 2, be the proper transform of X^ in X'. Let p be the general point of 7. Note that there 
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are effective Cartier divisors of X through p having a node at p. Therefore there are effective 
Cartier divisors of X through p having at p a double point of type A k , for some k ^ 1. Since 
the exceptional divisor of a minimal resolution of such a point does not contain multiple 
components, we see that E must be reduced. Then E is a conic bundle and 7^ = E fl 
i = 1, 2, is a section of E isomorphic to 7. 

Let C be the general ruling of E. If C is irreducible, then E is irreducible and has at most 
isolated double points. We remark moreover that 71 and 72 are generically smooth for the 
total space X', since they are generically smooth for E, which is a Cartier divisor of X'. In 
this case, we got rid of the double curve. 

Let C = T\ Ur 2 be reducible into two distinct lines. We may assume that r^nji, i = 1, 2, is 
a point whereas fl 7 3 _j = 0. This implies that E is reducible; one component meets X[ and 
the other meets X' 2 . Hence we may write E = FiUF 2 , where meets generically transversally 
X[ along 7j, i — 1,2. It may happen that F\ and F 2 meet, generically transversally, along 
finitely many fibres of their rulings; away from these, they meet along the curve 7', whose 
general point is r% fl r 2 . 

We note that 7', being isomorphic to 7, is smooth. Moreover, a local computation shows 
that Fi and F 2 meet transversally at a general point of 7'. If the general point of 7' is smooth 
for X', we have nothing to do with 7', otherwise we go on blowing-up X' along 7'. As usual, 
after finitely many blow-ups we get rid of all the curves which are double for the total space. 

(Step 3) Now the total space X of the degeneration has at most isolated double points. Let 
X red be the support of the central fibre X. Note that, the first time one reaches this step, 
one has that X red = X, which implies that X red is Cartier. In what follows, we only require 
that in a neighborhood of the singular points where we apply this step, the reduced set of 
components is Cartier. 

By the discussion of the previous steps, one sees that a double point p of X can be of the 
following types (cf. Figure [10J) : 

(a) an isolated double point of X red ; 

(b) a point of a double curve of X red ; 

(c) an F 3 -point of X red ; 

(d) an F 4 -point of X red ; 

(e) a quadruple point of X red which lies in the intersection of three irreducible components 
Xi, X 2 and X 3 of X ved ; two of them, say X 2 and X 3l are smooth at p, whereas X\ 
has a rational double point of type A k , k ^ 1, at p. In this case, X 2 U X 3 and X\ are 
both complete intersection of X locally at p. 




(a) 



(b) 




Figure 10 
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Double points of type (a) may appear either in Step 1, if the exceptional divisor is a 
singular del Pezzo surface, or in Step 2, if the exceptional divisor is a singular conic bundle. 
In both cases, they are rational double points for X red . By resolving them, one clearly gets 
as exceptional divisors only rational surfaces meeting each other (and the proper transform 
of the central fibre) along rational curves. 

Consider a double point p of type (b), so p lies on a double curve which is in the intersection 
of two irreducible components X\ and X 2 of X red . Let X' — > X be the blow-up of X at p and 
let E be the exceptional divisor, which is a quadric surface in P 3 . Denote by X[ the proper 
transform of Xj, i = 1, 2, and by p' the point p' = E R X[ fl X' 2 . Since a general hyperplane 
section of X\ U X 2 at p is a curve with a node at p, the quadric E is either: 

(i) a smooth quadric meeting X' { , i = 1,2, along a line; or 

(ii) an irreducible quadric cone with vertex p'\ or 

(iii) the union of two distinct planes meeting along a line 7 passing through p' . 

In case (i), we resolved the singularity of the total space at p. In case (ii), the new total space 
X' has an isolated double point of type (e) at p' . In case (iii), there are two possibilities: if 
the line 7 is a double curve of X', then we go back to Step 2, otherwise X' has an isolated 
double point of type (d). 

Let p be a double point of type (c). According to Proposition l6.17l the embedding dimension 
of X at p is 4 and the central fibre is locally analytically near p a hyperplane section of X. 
Since the multiplicity of the singularity of the threefold is two, and the multiplicity of the 
central fibre at this point is three, the locally analytic hyperplane section must contain a 
component of the tangent cone of the threefold singularity. This tangent cone is therefore 
a quadric which has rank at most two: it is either two distinct hyperplanes or a double 
hyperplane (i.e. a hyperplane counted twice). In fact a local computation shows that the 
latter cannot happen. In the former case, when one blows up X at p, one introduces two 
planes in the new central fibre. One of these planes meets the proper transforms of the three 
components each in a line, forming a triangle in that plane; this plane is double in the new 
central fibre. (Note that at this point we introduce a non-reduced component of the central 
fibre; but the rest of the algorithm does not involve this multiple component.) The other 
of the planes, which is simple in the new central fibre, meets each of the proper transforms 
at a single distinct point, which is still an ordinary double point of the total space. Three 
more blow-ups, one each at these double points, locally resolve the total space. (This analysis 
follows from a local computation.) 

Consider now a double point p of type (d). By Proposition 16.171 locally the tangent cone 
of X at p is a quadric cone in P 3 and the tangent cone T of X red at p is obtained by cutting it 
with another quadric cone in P 3 , hence T is a cone in P 4 over a reduced, projectively normal 
curve of degree 4 and arithmetic genus 1 which spans a P 3 . Let X' — > X be the blow-up of X 
at p and let E be the exceptional divisor. Then E is a quadric meeting the proper transform 
of X along a stick curve Ce 4 , therefore E is either 

(i) a smooth quadric; or 

(ii) the union of two distinct planes meeting along a line 7. 

In case (i), we resolved the singularity of X at p. In case (ii), there are two possibilities: if the 
line 7 is a double curve of X', then we go back to Step 2, otherwise X' has again two isolated 
double points of type (d) at the intersection of 7 with the proper transform of X red . 
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Here we have created double components of the central fibre, namely the exceptional divisor 
is counted twice. However this exceptional divisor is a Cartier divisor, and therefore X red is 
also a Cartier divisor locally near this exceptional divisor. 

Finally let p = X\ fl X 2 H X 3 be a double point of type (e). As in the case of type (d), 
locally the tangent cone of X at p is a quadric cone in P 3 , whereas the tangent cone T of 
X re d at p is a cone in P 4 over a reduced, projectively normal curve of degree 4 and arithmetic 
genus 1 which spans a P 3 . Let X' — > X be the blow-up of X at p and let E the exceptional 
divisor. Denote by p' the intersection of E with the proper transform of X 2 and X 3 . Then 
E is a quadric meeting the proper transform of X red along the union of two lines and a conic 
spanning a P 3 , therefore E is either 

(i) a smooth quadric; or 

(ii) a quadric cone with vertex at p'; or 

(iii) a pair of planes. 

In case (i), we resolved the singularity of the total space at p. In case (ii), the total space 
X' has at p' again a point of type (e) . More precisely, if p is a rational double point of type 
Ak, then p' is a rational double point of type A^i for E. In case (iii), the line of intersection 
of the two planes may be singular for the new total space; if so, we return to Step 2. If not, 
there are again isolated double points of type (d) and we iterate this step again. 

As in the case of type (d), the reduced central fibre remains Cartier in a neighborhood of 
the new exceptional locus. 

It is clear that, after having repeated finitely many times Steps 2 and 3, one resolves the 
singularities of the total space at the double points of these five types (a)-(e). 

We remark that we can proceed, in Step 3, by first resolving all of the points of type (c), 
and that such points are not created in the resolutions of points of type (d) and (e). In fact 
they are not created in any later step of the algorithm. Indeed, anytime three components 
Xi, X 2 , and X 3 concur at a point as in type (c) where at least one of the three surfaces has 
been created by blowing-up, we claim that exactly one of the three surfaces has been created 
by blowing-up (i.e., is an exceptional divisor). Since such an exceptional divisor is locally 
Cartier and smooth at the point, then the total space is smooth at the point and therefore the 
point cannot be of type (c). To prove the claim, note that the only other possibility is that 
two of the three components, say X 2 and X 3 belong to an exceptional divisor. By blowing 
them down, then Xi acquires a singular point which is worse than an ordinary double point, 
which is impossible. 

(Step 4) Let p be an isolated double point of the central fibre X which is a smooth point of 
X. According to the previous steps, p is either a rational double point of a del Pezzo surface 
or the singular point of a reduced fibre of a conic bundle. In both cases, the singularity of X 
at p is resolved by finitely many blow-ups. Since p is a smooth point of X, the exceptional 
divisor of each blow-up is a plane. 

(Step 5) Following the previous steps, one sees that the support of the central fibre X has 
global normal crossings, except at the points p, where two components X± and X 2 of X meet 
along a curve with a node at p. Note that X 1 and X 2 are indeed tangent at p. 

If one blows-up X at p, the exceptional divisor E is a plane meeting the proper transform 
X[ of Xi, i = 1,2, along a line 7, which is a (— l)-curve both on X[ and X' 2 . The support 
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of the new central fibre has not yet normal crossings. However a further blow-up along 7 
produces the normal crossing reduction. □ 

8. Combinatorial computation of K 2 

The results contained in Sections Eland [7] will be used in this section to prove combinatorial 
formulas for K 2 = K x , where X t is a smooth surface which degenerates to a good Zappatic 
surface Xo = X = Ui=i i.e. X t is the general fibre of a degeneration of surfaces whose 
central fibre is good Zappatic (cf. Notation I5.5p . 

Indeed, by using the combinatorial data associated to X and Gx (cf. Definition 13.61 and 
Notation 13.121) . we shall prove the following main result: 

Theorem 8.1. (cf. |9j Theorem Q.l]) Let X — > A be a degeneration of surf aces whose central 
fibre is a good Zappatic surface X = X = Ui=i -^-i- Let — X^H Xj be a double curve of 
X , which is considered as a curve on X it for 1 ^ i 7^ j ^ v. 
IfK 2 := Kl t , for t 0, then (cf Notation{£M) : 

(8.2) K 2 = J2(k 2 Xi + Y^{A 9ij - C%) J - 8e + ]T 2n/ n + r 3 + k, 

i=l \ j^i / njj3 

where k depends only on the presence of R n - and S n -points, for n ^ A, and precisely: 

(8.3) J2( n - 2 )( r « + s «) < k < J2 ( ( 2n - 5 ) r « + [ 2 1 ) Sn ) ' 

In case X is an embedded degeneration and X is also planar, we have the following: 

Corollary 8.4. Let X — > A oe an embedded degeneration of surfaces whose central fibre is a 
good planar Zappatic surface X = Xq = Ui=i Hi- Then: 

(8.5) ^2 = 9^ — lOe + ^ 2n/„ + r 3 + fc 

where k is as in (18.31) and depends only on the presence of R n - and S n -points, for n ^ 4. 

Proof. Clearly = 0, for each 1 ^ i ^ j ^ v, whereas Cfj = 1, for each pair s.t. 
tij G E, otherwise Cfj = 0. □ 

The proof of Theorem 18.11 will be done in several steps. The first one is to compute K 2 
when X has only i? n -points. In this case, and only in this case, Kx is a Cartier divisor (cf. 
Remark E3)). 

Theorem 8.6. (cf. [HI Theorem 6.6],) Under the assumptions of Theorem \8.1l if X = U? =1 Xj 
has only E n -points, for n ^ 3. then: 

(8.7) K 2 = Ul + - Cg) J - 8e + ^ 2nf n . 

i=l \ j^i / n^3 

Proof. Recall that, in this case, the total space X is Gorenstein (cf. Remark l6.30p . Thus, K% 
is a Cartier divisor on X. Therefore Kx is also Cartier and it makes sense to consider K\ 
and the adjunction formula states Kx = (Kx + X)\ x . 
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We claim that 

(8.8) K xlXi = {K x + X)\ Xi = K Xi + C u 

where Ci = Cij i s the union of the double curves of X lying on the irreducible component 
Xi, for each 1 ^ i ^ v. Since X (K X ) is invertible, it suffices to prove (|8.8I) off the .E^-points. 
In other words, we can consider the surfaces Xi as if they were Cartier divisors on X. Then, 
we have: 

(8.9) K x]Xi = (K x + X) m = (K X + X l + J2 Xi) ]Xi = K Xi + C h 
as we had to show. Furthermore: 

V V 

K 2 = (K x + X t ) 2 ■ X t = (K x + Xf-X = (K x + X) 2 -J2 Xi = £ {{K x + X)\ x ) 2 = 

i=l i=l 

V V V V 

= J2(K Xi + 2QK Xi + C 2 ) = J2 K l + H C * K * + E c ^°* + K ^) = 

i=l i=l i=l i=l 

v v v 

(8.10) = J2 K 1 + E(E^)^ + E 2 (^(^) - !)■ 

i=l i=l jy^i i=l 

As in Notation EE! = Et=i is the sum of its disjoint, smooth, irreducible compo- 
nents, where hij is the number of these components. Thus, 

hij 

CqKxt = YftftKxt), 
t=i 

for each 1 ^ i ^ j ^ v. If we denote by the geometric genus of the smooth, irreducible 
curve C|,-, by the Adjunction Formula on each Cjj, we have the following intersection number 
on the surface X: 



C i3 K Xi = ]T(2^ - 2 - (Ct,) 2 ) = 2 9ij - 2h %] - C 2 



-y2 

t=l 



where the last equality follows from the definition of geometric genus of CV, and the fact that 
Cif^ = 0, for any 1 ^ t + s s= hy. 

Therefore, by the distributivity of the intersection form and by (18.101) . we get: 

V V V 

(8.H) K 2 = £ K 2 Xt + >J >>,/,, - 2h l3 ) - C 2 ) + £ 2(p a (C 4 ) - 1). 

i=l i=l j^i i=l 

For each index i, consider now the normalization Vi : Ci — >• Cj of the curve Ci lying on 
this determines the short exact sequence: 

(8-12) -> Ci -> (^(Oq) -> £ - 0, 
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where t { is a sky-scraper sheaf supported on Sing(Cj), as a curve in X t . By using Notation 
13.121 the long exact sequence in cohomology induced by (18.121) gives that: 

ft/ j 

jV« t=i j^j 

Since x(OcJ = 1 -Po(C»), we get 

(8.13) paid) - 1 = J2(9ij ~ hij) + h^tj, l^i^v. 
By plugging Formula (18.131) in (18.111) . we get: 

V / \ v 

(8.14) ^ = J2[Kl + J2(*9ij - Cg) - 8e + 2 £ 

To complete the proof, we need to compute h°{t^). By definition of £j, this computation 
is a local problem. Suppose that p is an _E n -point of X lying on for some i. By the 
very definition of -E n -point (cf . Definition 13.11 and Example 12.81) , p is a node for the curve 
Ci C Xi\ therefore h°{t^ p ) = 1. The same holds on each of the other n — 1 curves Cj C X,-, 
1 ^ J 7^ ^ n 7 concurring at the _E n -point p. Therefore, by (18.141) . we get (18.71) . □ 

Proof of Theorem \8.1[ The previous argument proves that, in this more general case, one has: 

(8.15) = £ (xl + £(4^ - CD j - 8e + 2 £ - c 

i=l \ j^i / i=l 

where c is a positive correction term which depends only on the points where X is not 
Gorenstein, i.e. at the R n - and S^-points of its central fibre X. 
To prove the statement, we have to compute: 

(i) the contribution of h°{t-) given by the R n - and the SVpoints of X, for each 1 ^ i ^ v; 

(ii) the correction term c. 

For (i), suppose first that p is a i? n -point of X and let Cj be one of the curves passing 
through p. By definition (cf. Example 12.71) . the point p is either a smooth point or a node 
for Cj C Xj. In the first case we have h°{t^ p ) = whereas, in the latter, h°(t^ p ) = 1. More 
precisely, among the n indexes involved in the i? n -point there are exactly two indexes, say i\ 
and i n , such that C^ is smooth at p, for j = 1 and j = n, and n — 2 indexes such that C*. has 
a node at p, for 2 ^ j ^ n — 1. On the other hand, if we assume that p is a S^-point, then 
p is an ordinary (n — l)-tuple point for only one of the curves concurring at p, say C; C Xj, 
and a simple point for all the other curves Cj C Xj, 1 ^ j ^ i ^ n. Recall that an ordinary 
(n — l)-tuple point contributes ("^j to hPfa). 

Therefore, from (18 . 1 5h . we have: 

k2 = Y1 Uh + Yli^ij-CfjU -8e + ^2n/„ + ^2(n-2)r„ + £(n-l)(n-2)s n -c. 

1=1 \ j'^i / n^3 nJS3 ra^4 

In order to compute the correction term c, we have to perform a partial resolution of X at 
the R n - and S^-points of X, which makes the total space Gorenstein; i.e. we have to consider 
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a Gorenstein reduction of the degeneration X — > A. This will give us (18. 2[) . i.e. 

k 2 = (xh + 5>^- - C D ) - 8e + E + r 3 + 

where 



i=l 



n >3 



fc := ^2(n-2)r n - r 3 + J^(n - l)(n - 2)s n - c. 

From Algorithm 17.21 and Proposition 17.41 - (1), we know that X — > A admits a Gorenstein 
reduction; we now consider a detailed analysis of this Gorenstein reduction in order to com- 
pute the contribution c. It is clear that the contribution to c of each such point is purely 
local. In other words, 



where x varies in the set of i? n - and ^-points of X and where c x is the contribution at x to 
the computation of K 2 as above. 

In the next Proposition 18.161 we shall compute such local contributions. This result, 
together with Theorem 18.61 will conclude the proof. □ 

Proposition 8.16. In the hypothesis of Theorem \8.1[ if x G X is a R n -point then: 

n — 2 ^ c x ^ 1, 

whereas if x 6 X is a S n -point then: 

'n — 1 N 
2 



[n 



2Y > Or. > 



Proof. Since the problem is local, we may (and will) assume that X is Gorenstein, except at a 
point x, and that each irreducible component X, of X passing through x is a plane, denoted 
byn 4 . 

First we will deal with the case n = 3. 



Claim 8.17. If x is a R 3 -point, then 



1. 



Proof of the claim. From Proposition I7.41 (l). let us blow-up the point x G X as in Corollary 
EM 



E 




E 2 


E 3 




n> 2 


n 3 



blow-up x 




Figure 11. Blowing-up a i? 3 -point x. 
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We get a new total space X'. We denote by E the exceptional divisor, by II- the proper 
transform of IT and by X' = Ull- the proper transform of X, as in Figure [J_TJ We remark 
that the three planes IT, i = 1,2,3, concurring at x, are blown-up in this process, whereas 
the remaining planes stay untouched. We call Ei the exceptional divisor on the blown-up 
plane Hj. Let r = E\ + E 2 + E 3 be the intersection curve of E and X' . By Corollary 16.281 
E is a non-degenerate surface of degree 3 in P 4 , with T as a hyperplane section. 

Suppose first that E is irreducible. Then X' is Gorenstein and by adjunction: 

(8.18) K 2 = (K X i + r) 2 + (K E + r) 2 . 
Since E is a rational normal cubic scroll in P 4 , then: 

(8.19) (K E + T) 2 = 1, 
whereas the other term is: 

3 

{k x , + r) 2 = 52(K x , m + r n ,) 2 = J2( K *'n + E ^ + E K *n- 

i i=l 

Reasoning as in the proof of Theorem 18.61 one sees that 

J> 2 , |n , = J>, - 3) 2 . 

On the other hand, one has 

(K x , m + Ei) 2 = (wi - 3) 2 - 1, % = 1, 3, (K x ,m + E 2 ) 2 = (w 2 - 3) 2 . 

Putting all together, it follows that c x = 1. 

Suppose now that E is reducible and X' is still Gorenstein. In this case E is as described 
in Proposition 16.241 (ii), b, and in Corollary 16.281 and the proof proceeds as above, once one 
remarks that (18 . 1 91) holds. This can be left to the reader to verify (see Figure [T2l) . 




Figure 12. E splits in a plane and a quadric. 

Suppose that E is reducible and X' is not Gorenstein. This means that E consists of a cone 
over a Cr 3 with vertex x', hence x' is again a _R 3 -point. Therefore, as in Proposition 17.41 (1) . 
we have to repeat the process by blowing-up x'. After finitely many steps this procedure stops 
(cf. e.g. Proposition 3.4.13 in [34]). In order to conclude the proof in this case, one has simply 
to remark that no contribution to K 2 comes from the surfaces created in the intermediate 
steps. 

To see this, it suffices to make this computation when only two blow-ups are needed. This 
is the situation showed in Figure [TBI where: 
• X" — > X' is the blow-up at x', 



46 



A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDA 




FIGURE 13. blowing-up a i?3-point x' infinitely near to the i?3-point x 

• X' = n ■ the proper transform of X' on X", 

• E' = P[ + P 2 ^ + P 3 ' is the strict transform of E = P 1 + P 2 + P 3 on X", 

• E" is the exceptional divisor of the blow-up. 

We remark that P/, i = 1, 2, 3, is the blow-up of the plane Pi. We denote by A, the pullback 
to P/ of a line, and by Ai the exceptional divisor of P/. Then their contributions to the 
computation of K 2 are: 

(K P ! +K + (A, - A^ + Ai) 2 = {-Ai + A^ 2 = 0, i = l,3, 

(K P , + A 2 + 2(A 2 - A 2 ) + A 2 ) 2 = 0. 
This concludes the proof of Claim 18.171 □ 

Consider now the case that n = 4 and a; is a P 4 -point. 
Claim 8.20. If x is a R^-point, then 

Proof of the claim. As before, we blow-up the point x G X; let X' be the new total space and 
let E be the exceptional divisor. By Corollary l6.28l E is a non-degenerate surface of minimal 
degree in P 5 with r = Pi + E 2 + E 3 + E± as a hyperplane section. By Proposition 16.241 E is 
reducible and the following cases may occur: 

(i) E has global normal crossings, in which case E consists of two quadrics Qi, Q 2 meeting 
along a line (see Figure fT4l): 




Figure 14. The exceptional divisor E has global normal crossings. 
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a) The quadric in the middle 




n; 



E 2 


Us 




n 3 



b) The quadric on one side 



Figure 15. E consists of a quadric and two planes and has a i?3-point x' . 

(ii) E has one P 3 -point x', in which case E consists of a quadric Q and two planes P%, P 2 
(see Figure [TBI): 

(iii) E has two P 3 -points x', x", in which case E consists of four planes Pi, ... , P4, i.e. a 
planar Zappatic surface whose associated graph is the tree P4 (see Figure [161): 




E 2 


E 3 


w 2 


n 3 



Figure 16. E consists of four planes and has two P 3 -points x',x". 

(iv) E has one P4-point x', in which case E consists of four planes, i.e. a planar Zappatic 

surface whose associated graph is an open 4- face (cf. Figures 151 161 and \17h . 
In case (i), X' is Gorenstein and we can compute K 2 as we did in the proof of Claim [8TT71 
Formula (18.181) still holds and one has (K E + T) 2 = 0, whereas: 

4 

(8.21) (K X , + T) 2 = ^(Kx^+Twf = Y,^'n +E ^ + H K xn = EK'- 3 ) 2 - 2 ' 

i 8=1 j^4 j>l 

because the computations on the blown-up planes . . . , II4 give: 

(Kx^ + E { ) 2 = (wi - 3) 2 - 1, % = 1, 4, (K x , ]T1 r + E t ) 2 = (w { - 3) 2 , 2 = 2,3. 

This proves that c x = 2 in this case. 

In case (ii), there are two possibilities corresponding to cases (a) and (b) of Figure [TBI Let 
us first consider the former possibility. By Claim l8T7l in order to compute K 2 we have to 
add up three quantities: 
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the contribution of [Kx 1 + T) 2 , which is computed in (18.211) : 

the contribution to K 2 of E, as if E had only global normal crossings, i.e.: 

(K Pl +A t + Erf + (Kp 2 + A 2 + £ 4 ) 2 + (K Q + A, + A 2 + E 2 + E 3 ) 2 = 2 



• the contribution of the i?3-point x', which is c x > = 1 by Claim I8TT71 
Putting all this together, it follows that c x = 1 in this case. Consider now the latter possibility, 
i.e. suppose that the quadric meets only one plane. We can compute the three contributions 
to K 2 as above: the contribution of {Kx> + T) 2 and of the i?3-point x' do not change, whereas 
the contribution to K 2 of E, as if E had only global normal crossings, is: 

(K Q + A 1 + E 1 + E 2 f + {K Pl + A 1 + A 2 + E 3 ) 2 + (K P4 + A 3 + E 4 f = 1, 

therefore we find that c x = 2, which concludes the proof for case (ii). 

In case (iii), we use the same strategy as in case (ii), namely we add up {Kx> + T) 2 , the 
contribution to K 2 of E, as if E had only global normal crossings, which turns out to be 2, 
and then subtract 2, because of the contribution of the two i?3-points x',x". Summing up, 
one finds c x = 2 in this case. 

In case (iv), we have to repeat the process by blowing-up x', see Figure [El After finitely 
many steps (cf. e.g. Proposition 3.4.13 in [34]), this procedure stops in the sense that the 
exceptional divisor will be as in case (i), (ii) or (iii). 



E" 


P[ 






Pi 


n; 


n 2 


n 3 





blow-up x' 




E 2 


E 3 


w 2 


n 3 



FIGURE 17. Blowing-up a i?4-point x' infinitely near to x. 

In order to conclude the proof of Claim [8T2UI one has to remark that no contribution to K 2 
comes from the surfaces created in the intermediate steps (the blown-up planes P[ in Figure 
[TTl) . This can be done exactly in the same way as we did in the proof of Claim 18.171 □ 

Remark 8.22. The proof of Claim 18.201 is purely combinatorial. However there is a nice 
geometric motivation for the two cases c x = 2 and c x = 1, when x is a i? 4 -point, which resides 
in the fact that the local deformation space of a i?4-point is reducible. This corresponds to 
the fact that the cone over (7r 4 can be smoothed in both a Veronese surface and a rational 
normal quartic scroll, which have K 2 = 9 and K 2 = 8, respectively. 

Consider now the case that x is a i? n -point. 

Claim 8.23. If x is a R n -point, then 

(8.24) n-2>c x ^l. 
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Proof of the claim. The claim for n = 3, 4 has already been proved, so we assume n ^ 5 and 
proceed by induction on n. As usual, we blow-up the point x G X. 

By Corollary 16.281 the exceptional divisor E is a non-degenerate surface of minimal degree 
in P n+1 with r = Ei + . . . + E n as a hyperplane section. By Proposition 16.241 E is reducible 
and the following cases may occur: 

(i) E consists of v ^ 3 irreducible components Pi,...,P u , which are either planes or 
smooth quadrics, and E has h Zappatic singular points xi, . . . , x^ of type R mi , • • • , R mh 
such that rrii < n, i — 1, . . . , h; 

(ii) E has one i? n -point x', in which case E consists of n planes, i.e. a planar Zappatic 
surface whose associated graph is an open ra-face. 

In case (ii), one has to repeat the process by blowing-up x' . After finitely many steps (cf. 
e.g. Proposition 3.4.13 in [34]), the exceptional divisor will necessarily be as in case (i). We 
remark that no contribution to K 2 comes from the surfaces created in the intermediate steps, 
as one can prove exactly in the same way as we did in the proof of Claim 18.171 

Thus, it suffices to prove the statement for the case (i). Notice that X' is not Gorenstein, 
nonetheless we can compute K 2 since we know (the upper and lower bounds of) the contri- 
bution of Xi by induction. We can indeed proceed as in case (ii) of the proof of Claim 18.201 
namely, we have to add up three quantities: 

• the contribution of (K x > + T) 2 ; 

• the contribution to K 2 of E, as if E had only global normal crossings; 

• the contributions of the points 2; which is known by induction. 
Let us compute these contributions. As for the first one, one has: 

n 

(K X , + T) 2 = £(i^|n< + E t ) 2 + £ K 2 xn = - 3) 2 - 2, 

i=l j^n j^l 

since the computations on the blown-up planes 11^, . . . ,U' n give: 

(K x >\n>+E i ) 2 = (w i -3) 2 -l, i = l,n, 

(K x/]n > + Ei) 2 = { Wi - 3) 2 , 2 < % ^ n - 1. 

In order to compute the second contribution, one has to introduce some notation, precisely 
we let: 

• Pi,...,P u be the irreducible components of E, which are either planes or smooth 
quadrics, ordered in such a way that the intersections in codimension one are as 
follows: Pi meets Pi+i, % = 1, . . . , v — 1, along a line; 

• Ai be the line which is the intersection of Pi and Pi+i; 

• Si — deg(Pj) — 1, which is if Pi is a plane and 1 if Pi is a quadric; 

• — i + Y^k=i e i- With this notation, if Pj is a plane, it meets the blown-up plane 
11^ along whereas if Pi is a quadric, it meets the blown-up planes 11^ and 
n^. ( . )+1 along Ej(i) and £y(i)+i! respectively. 
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Then the contribution to K 2 of E, as if E had only global normal crossings, is: 
(K Pl + Ai + Ei+ e^f + (K Pv + + e v E n - X + E n f+ 

v-1 

+ J2( R p> + A ^ + A i + E m + £ i E m+i) 2 = 2-e 1 -e„. 

i=2 

Finally, by induction, the contribution Yli=i c xi °f the points Xi is such that: 

h h h 

v-2 = J2(^-2)>J2 c *^J2 1 = h > 

i=l i=l i=l 

where the first equality is just (16 .251) . 
Putting all this together, it follows that: 

h 

C x = El + £u + 22 ' 

i=l 

hence an upper bound for c x is 

c x ^ Si + £ v + v — 2 ^ n — 2, 
because n = v + X^=i w h ereas a lower bound is 
(8.25) c x > si +s v + h ^ h ^ 1, 

which concludes the proof of Claim 18.231 □ 

Remark 8.26. If c x = 1, then in 08.251) all inequalities must be equalities, thus h = 1 and 
£\ = e u = 0. This means that there is only one point X\ infinitely near to x, of type R Vl 
and that the external irreducible components of E, i.e. Pi and P u , are planes. There is no 
combinatorial obstruction to this situation. 

For example, let x be a i? n -point such that the exceptional divisor E consists of v = n — 1 
irreducible components, namely n — 2 planes and a quadric adjacent to two planes, forming 
a i? n _i-point x' . By the proof of Claim [87201 (case (ii), former possibility), it follows that 
c x = c x '- Since, as we saw, the contribution of a i?4-point can be 1, by induction we may 
have that also a _R n -point contributes by 1. 

From the proof of Claim [87231 it follows that the upper bound c x = n — 2 is attained when 
for example the exceptional divisor E consists of n planes forming n — 2 points of type R 3 . 

More generally, one can see that there is no combinatorial obstruction for c x to attain any 
possible value between the upper and lower bounds in (18.241) . 

Finally, consider the case that x is of type S n . 

Claim 8.27. If x is a S n -point, then 

(8.28) (n-2) 2 ^c x > ~ M. 

Proof. We remark that we do not need to take care of 1-dimensional singularities of the total 
space of the degeneration, as we have already noted in Claim [87231 

Notice that S3 = R3 and, for n — 3, Formula (|8.28l) trivially follows from Claim I8TT71 So 
we assume n ^ 4. Blow-up x, as usual; let X' be the new total space and E the exceptional 
divisor. By Proposition 16.241 three cases may occur: either 
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(i) E has global normal crossings, i.e. E is the union of a smooth rational normal scroll 
X\ = 5(1, d — 1) of degree d, 2 ^ d ^ n, and of n — d disjoint planes Pi, . . . , P n -d, 
each meeting X\ along different lines of the same ruling; or 

(ii) E is a union of n planes Pi, . . . ,P n with h Zappatic singular points xi, . . . , Xh of type 
S mi , . . . , S mh such that 3 ^ mi < n, i — 1, . . . , h, and (|6.26p holds; or 

(iii) E is a union of n planes with one 5* n -point x' . 

In case (iii), one has to repeat the process by blowing-up x' . After finitely many steps (cf. 
e.g. Proposition 3.4.13 in [34]), the exceptional divisor will necessarily be as in cases either 
(i) or (ii). We remark that no contribution to K 2 comes from the surfaces created in the 
intermediate steps. Indeed, by using the same notation of the -R„-case in Claim [8TT71 if x is a 
S n point and if Iii is the plane corresponding to the vertex of valence n — 1 in the associated 
graph, we have (cf. Figure [TBI): 

(K P{ + A 1 + A 1 + (n- l)(Ai - A x )) 2 = (n - 3) 2 - (n - 3) 2 = 0, 

{K P , + A, + At + {Ai - Ai)) 2 = 1-1 = 0, 2 < z < n. 




Figure 18. Blowing-up a S^-point x' infinitely near to a 55-point x 

Thus, it suffices to prove the statement for the first two cases (i) and (ii). 

Consider the case (i), namely E has global normal crossings. Then X' is Gorenstein and we 
may compute K 2 as in (18.181) . The contribution of the blown-up planes 11^, . . . , IT^ (choosing 
again the indexes in such a way that 11^ meets II^, . . . , IT^ in a line) is: 

{Kx>\m + Eif = ( Wi - 3) 2 - 1, z = 2,...,n, 

(8 ' 29) (K x , n + E x ) 2 = (wi - 3) 2 - (n - 3) 2 , 

whereas the contribution of E turns out to be: 

(8.30) (K E + T) 2 = 4 - n. 

Indeed, one finds that: 

{{K E + T)| Xl ) 2 = (-A+(n-d - 1)E) 2 = d + 4-2n, 

((K E + T) lP y = 1, i = l,..., n-d, 

where A is the linear directrix of X\ and F is its fibre, therefore (18.301) holds. Summing up, 
it follows that 



(8.31) c x = n -4+ (n - 1) + (n - 3) 2 = (n - 2) 
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which proves fl8.28[) in this case (i). 

In case (ii), E is not Gorenstein, nonetheless we can compute K 2 since we know (the upper 
and lower bounds of) the contribution of Xi by induction. We can indeed proceed as in case 
(ii) of the proof of Claim [87201 namely, we have to add up three quantities: 

• the contribution of (K x > + T) 2 , which has been computed in (I8.29j) : 

• the contribution to K 2 of E, as if E had only global normal crossings, which is: 

n n 

(k Pi + Ex + A) + ^2( R Pi + E * + Af = (n-3) 2 + n-l, 

i=2 i=2 

where IIj is the blown-up plane meeting all the other blown-up planes in a line, Ei is 
the exceptional curve on 11^ and Ai is the double line intersection of Pi with Pf, 

• the contribution Y^i=i c xi °f the points Xi, which by induction, is such that: 

(8-32) X> - 2) 2 > E > E ("V 1 ) = ( n ~2 1 )- 

i=l i=l i=l ^ ' ^ ' 

where the last equality is just ( 16.261 ). 
Putting all together, one sees that 

h 

C X — ^ ] C Xi 1 

i=l 

hence (I8.32[) gives the claimed lower bound, as for the upper bound: 

h h h 

c x ^ ^{rrn - 2) 2 = ^(m, - l)(m, - 2) - ^(m, - 2) ( = } 

i=l i=l i=l 

h 

( J (n - l)(n - 2) - ^(m; - 2) < (n - l)(n - 2) - (n - 2) = (n - 2) 2 , 

i=l 

where the equality (*) follows from (16.261) . This completes the proof of Claim [87271 □ 

The above Claims 18.231 and 18.271 prove Proposition 18.161 and, so, Theorem 18. 11 □ 

Remark 8.33. Notice that the upper bound c x = (n — 2) 2 is attained when for example 
the exceptional divisor E has global normal crossings (cf. case (i) in Claim [8727] ) . The lower 
bound c x = (™2 X ) can be attained if the exceptional divisor E consists of n planes forming 
) P om ts of type S3 = -R3. 
Contrary to what happens for the i? n -points, not all the values between the upper and the 
lower bound are realized by c x , for a SVpoint x. Indeed they are not even combinatorially 
possible. For example, consider the case of a Sg-point x: the bounds in (18.281) say that 
10 ^ c x ^ 16. If the exceptional divisor E has global normal crossings, then c x = 16. 
Otherwise E is a union of planes and has the following Zappatic singularities: q$ ^ 1 points 
of type 5*5, ^ 3 — 2q 5 points of type S5 and ^3 = 10 — 3q^ — 6q$ points of type S3 = R3. It 
follows that 

c x ^q 3 + 4g 4 + 9g 5 = 10 + g 4 + 3g 5 < 13 + q 5 < 14. 
Therefore the case c x = 15 cannot occur if a; is a S^-point. 
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9. The genus of the fibres of degenerations of surfaces to Zappatic ones 

In this section we want to investigate on the behaviour of the geometric genus of the smooth 
fibres of a degeneration of surfaces to a good Zappatic one, in terms of the u-genus of the 
central fibre. 

By recalling Definition 15.11 the geometric genus of the general fibre of a semistable de- 
generation of surfaces can be computed via the Clemens- Schmid exact sequence, cf. |43| . 
Clemens-Schmid result implies the following: 

Theorem 9.1. Let X = \Jft =1 Xi be the central fibre of a semistable degeneration of surfaces 
X — > A. Let Gx be the graph associated to X and $x be the map introduced in Definition 
\4-l\ Then, for t ^ 0, one has: 

V 

(9.2) Pg (Xt) = h\G x X) + 5> 9 (X,) + dim(coker($ x )). 

i=l 

Then Theorem 19.11 and our Theorem 14.31 imply the following: 

Corollary 9.3. Let X — > A be a semistable degeneration of surfaces, so that its central fibre 
X = Xq is a good Zappatic surface with only E 3 -points as Zappatic singularities. Then, for 
any t ^ 0, one has: 

p g (X t ) =p w (X). 

Remark 9.4. Let X — > A be a degeneration of surfaces with central fibre X. Consider the 
dualizing sheaf wi of X. By general properties of dualizing sheaves, one knows that ojx is 
torsion-free as an Ox-module. Since one has the injection Oa ^ Ox, then uj% is torsion-free 
over A. Since A is the spectrum of a DVR, then ux is free and therefore flat over A. By 
semi-continuity, this implies that, for t ^ 0, p g {X t ) ^ Pu(X). The above corollary shows that 
equality holds for semistable degenerations of surfaces. 

Consider, from now on, a degeneration n : X — > A of surfaces with good Zappatic central 
fibre X = X . Our main purpose in this section is to prove Proposition 19.71 where we show 
that the u>-genus of the central fibre of a semistable reduction n : X — > A of n equals the 
cu-genus of X. As a consequence we will have that the tu-genus of the fibres of n : X — ► A is 
constant (see Theorem 19.91 below) . exactly as it happens in the normal crossings case, as we 
saw in Corollary 19.31 

In order to prove Proposition 19.71 we make use of Proposition 17.41 Indeed, let X = Ui=i Xi 
be the central fibre of the original degeneration and let X red = [jf =1 Xi be the support of the 
central fibre X of its normal crossing reduction obtained as in Proposition 17.41 where w ^ v. 
Next we describe the relation between the graph G associated to X and the one G associated 
to X ved . By the proof of Proposition 17.41 one has that G is a subgraph of G and we may 
assume that Xj is birational to JQ, i = 1, . . . , v. 

Proposition 9.5. (cf. [TUl Proposition 4. 10] J In the above situation, one has: 

(i) Pg(Xi) = 0, i = v + 1, . . . , w; 

(ii) dim(coker($^ red )) = dim(coker($x)); 

(iii) the graphs G and G have the same Betti numbers. 

Proof. Following the discussion of Gorenstein reduction algorithm 17.21 and of each Step of 
the normal crossing reduction algorithm 17.31 one sees that each new component Xi, i = 
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v + 1, . . .,w, of the central fibre is an exceptional divisor of a blow-up, which is either a 
rational or a ruled surface. This proves (i). 

For i = 1, . . . ,v, the birational morphism a : X —> X determines a birational morphism 
Xi — > Xj which is the composition of blow-ups at smooth points of JTj. In order to prove 
(ii) , we notice that in algorithms 17.21 and 17.31 we have added rational double curves (which 
do not contribute to the cokernel), new rational components (which also do not contribute to 
the cokernel), and irrational ruled surfaces, which are only created by blowing-up irrational 
double curves. Focusing on single such irrational double curve, one sees that it is replaced by 
a certain number h of irrational ruled surfaces, and by h + 1 new double curves. The map on 
the H 1 level is an isomorphism between the new surfaces and the new curves. Hence there is 
no change in the dimension of the cokernel. This concludes the proof of (ii). 

In order to prove (iii), let us see what happens at algorithm l7.2l and at each step of algorithm 

El 

In algorithm 17.21 one blows-up R n - and S^-points of X = Xq. An example will illustrate 
the key features of the analysis. Let p be a i?4-point of X. After blowing-up X at p, there 
are five different possible configurations of the exceptional divisor E (cf. the proof of Claim 
E2Q): 

(i) E is the union of two quadrics with normal crossings; 

(ii) E is the union of a quadric and two planes having a i?3-point p' , and the quadric is 
in the middle; 

(iii) E is the union of a quadric and two planes having a i?3-point p', and one of the planes 
is in the middle; 

(iv) E is the union of four planes having two i?3-points p', p"\ 

(v) E is the union of four planes having a i?4-point p' . 

The corresponding associated graphs are illustrated in Figure [19l where the proper transforms 
of the four components of X concurring at p are the left-hand-side vertices in each graph. 
As the pictures show, G is a deformation retract of the new associated graph (considered as 
CW-complexes). 




Case (i) Case (ii) Case (iii) Case (iv) Case (v) 



Figure 19. After blowing-up a i? 4 -point p, there are five possibilities 

Generally, if one blows-up a R n - [resp. S n -\ point p, in the associated graph to X one builds 
new 3- and 4- faces (triangles and quadrangles) over the original chain of length n [resp. fork 
with n — 1 teeth] corresponding to the n components of X concurring at p. Therefore it is 
always the case that G is a deformation retract of the new associated graph. 
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From this point on there are no more R n or S n points ever appearing in the configuration. 
However it may happen that at intermediate steps of the algorithm, we do not have strict 
normal crossings nor Zappatic singularities. If this happens, we still consider the usual as- 
sociated graph to the configuration, namely a vertex for each component, an edge for each 
connected component of an intersection between components, and faces for intersections of 
three or more components. 

Consider Step 1 of algorithm 17.31 Each blow-up of an _E n -point, where the total space has 
multiplicity n, has the effect of adding new vertices in the interior of the corresponding n-face 
and of adding new edges which subdivide the n-face. This does not modify the Betti numbers 
of the associated graph. 

In Step 2 of algorithm 17.31 the blow-up along a double curve determines a subdivision of 
the edge corresponding to the double curve and a subdivision of the faces adjacent on that 
edge. 

In Step 3 of algorithm 17.31 the blow-ups at double points of types (a) and (b) add trees 
adjacent only to a vertex or an edge, and again this does not modify the topological properties 
of the graph. 

Resolving a double point of type (c), one first subdivides the original triangle of vertices 
v ii v 2i v z m three triangles; then, setting v the new vertex, one adds another vertex v f above 
Vo and three triangles of vertices vo,v' Q ,Vi, respectively for i = 1,2,3. Clearly the resulting 
graph retracts back to a subdivision of the original one. 

For a double point of type (d), one subdivides the original quadrangle either in four trian- 
gles, if the exceptional divisor E of the blow-up is a smooth quadric, or in two triangles and 
two quadrangles as in Figure [2Ql if E is the union of two planes. 



For a double point of type (e), one subdivides the original triangle either in three triangles, 
if the exceptional divisor E of the blow-up is irreducible, or in a triangle and two quadrangles 
as in Figure EH if E is reducible. 



In all cases, one sees that these modifications, coming from the resolution of double points 
of type (c), (d) and (e), do not change the Betti numbers of the associated graph. 




Figure 20. Subdivision of a quadrangle in type (d), case (ii) 




Figure 21. Subdivision of a triangle in type (e), case (iii) 
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Finally, the blow-ups of Steps 4 and 5 add trees adjacent to a vertex or an edge and again 
do not modify the Betti number of the associated graph. □ 

We are interested not only in X red but in X itself. For each component z, let //j be the 
multiplicity of X{ in X. For the analysis of the semistable reduction, we must understand 
rather precisely the components of multiplicity larger than one. 

Corollary 9.6. (cf. [101 Corollary 4.11],) Set = XiflXj if Xi and Xj meet along a curve, 
or Cij = otherwise. If Hi > 1, one has the following possibilities: 

(i) Xi is a generically ruled surface and the curve Ylj^i ^ s generically supported on 
a bisection of the ruling. 

(ii) There is a birational morphism a : Xi — > P 2 such that the curve Vfiij maps to 
four distinct lines. 

(iii) /ij = 4 and Xi is a smooth quadric; the curve Ylj^i f^j^ij consists of two (multiplicity 
one) fibres in one ruling and one double fibre from the other ruling. 

(iv) Xi is a smooth quadric and the curve pfiij * s linearly equivalent to faH , where 
H is a plane section of Xi. 

(v) There is a birational morphism a : Xi — > P 2 such that the curve J^j^i^jCij is the 
total transform via a of a plane curve of degree supported on two distinct lines. 

(vi) Xi is a Hirzebruch surface F 2 and the curve Ylj^i l^fiij ^ s °f ^ e form fii(H + A), 
where A is the (—2) -curve and H is a section of self-intersection 2. 

Proof. Following the the Gorenstein reduction algorithm 17.21 and the steps of the normal 
crossing reduction algorithm 17.31 one sees that multiple components are not created either 
in algorithm 17.21 or in Step 1 of algorithm 17.31 It is possible that a multiple component may 
be created in Step 2, by blowing-up a double curve of X red which is the intersection of two 
components that have multiplicity. This will create a multiple ruled surface whose double 
curve is a bisection, giving case (i). 

Multiple components of the central fibre X may arise also in Step 3 when one blows-up 
double points of types (c), (d) and (e). In case (c), two types of multiple components appear. 
The first is a plane blown-up at three collinear points, with multiplicity two; the double curve 
consists of the collinearity line, three other general lines, and the three exceptional divisors 
counted with multiplicity four; this is case (ii). The other type of multiple component is a 
quadric with multiplicity four, giving case (iii). This analysis follows from the remark we did 
at the end of Step 4, where we showed that the three surfaces coming together to form this 
singularity of type (c) each have multiplicity one. 

Let p = X\ fl X 2 fl X 3 n X 4 be a point of type (d), where X\, . . . ,X 4 are irreducible 
components of X red . One may choose the numbering on the four components such that 
XiUX 2 and X 3 UX 4 are local complete intersections of X at p, and moreover the multiplicities 
satisfy /ii = /i 2 and ^ = /i 4 . (This is clear at the start, when all multiplicities are one; and 
from that point on one proceeds inductively.) Then the exceptional divisor E appears in the 
new central fibre with multiplicity /i! + /i 3 = /i 2 + /i 4 . Recall that if E is a smooth quadric, the 
resolution process stops, and we have case (iv) above; while if E is the union of two planes, 
then both planes appear with multiplicity [i\ + /i3 and we go on inductively; this gives case 
(v). 

Let now p = Xi flX 2 flX 3 be a point of type (e). As noted above, X 2 UX 3 and Xi are local 
complete intersections of X at p. As above, one may assume that the multiplicities satisfy 
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1^2 = A*3- Then the exceptional divisor E appears in the new central fibre with multiplicity 
A*i + ^2 = A*i + £*3- If -E is a smooth quadric, the resolution process stops, giving case (iv) 
again. If E is a quadric cone, then we proceed to blow-up the vertex of the cone, and therefore 
the proper transform of E in the final central fibre will be a Hirzebruch surface F2, which 
gives the final case (vi). Finally if E is a pair of planes, each plane gives rise to a component 
in case (v). □ 

Now, by recalling Remark [5721 we are able to prove the main result of this section: 

Proposition 9.7. (cf. [10., Proposition 4.12]J Let n : X — > A be a degeneration of surfaces 
with good Zappatic central fibre X = X = Ui=i-^»- Let 7f : X — ► A be the normal crossing 
reduction of n given by algorithms \7.$\ and \7.3\ and let tx : X — > A be the semistable reduction 
of it obtained by following the process described in Chapter II of [33]. Then: 




Proof. Let X = Xo = J27=i fa^i be the central fibre of the normal crossing reduction n . One 
has v ^ w and we may assume that /ij = 1 for 1 ^ i ^ v, and that these first v components 
are birational to the original components of X. The surface X is a toroidal embedding in X, 
in the sense of Definition 1, p. 54 of [33]. To any such a toroidal embedding one can associate 
a compact polyhedral complex T with integral structure as shown in [33], pp. 71 and 94. In 
our present situation, the complex f is exactly the associated graph G. The integral structure 
is recorded by the multiplicities of the components. 

By [33], p. 107, there exists a semistable reduction X — > A as in Diagram 15.31 where the 
base change (3{t) = t m is such that m is a common multiple of fii, . . . , [jl w . Notice that X is 
again a toroidal embedding of the central fibre X = X . Denote by G the associated graph 
to X. Again by [33], p. 107, one has that the corresponding polyhedron T is a subdivision of 
T, in the sense of the definition at p. Ill of [33]. This implies that the CW-complexes G and 
G are homeomorphic. In particular they have the same homology. 

Now the central fibre X = Xo = lX=i ^ * s reduced, with global normal crossings. One 
has that u ^ w and, by taking into account the base change, one may assume that, for 
i — 1, . . . , w, Xi is birational to the /ij-tuple cover of X, u branched along Ylij^i^ftij- 

Let us first consider components with //j = 1. These include the first v components X il 
% = 1, . . . , v, which correspond to the original components of X. For these components we have 
Pg(Xi) = Pg(Xi) = p g (Xi), i = 1, . . . ,v. There also may be components with /ij = 1 which 
were introduced in the normal crossing reduction algorithm. We have seen in Proposition 19.51 
that all such components have p g = 0. Finally there may be components with //j = 1 with 
i > w which have been introduced in the semistable reduction process. These new surfaces 
are of two types: they may correspond either to 

(a) vertices of G which lie on an edge r\ of G; or to 

(b) vertices of G which lie in the interior of a triangular face of G. 

We recall that the birational morphism X — > Xp as in Diagram [573] is the blow-up of a suitable 
sheaf of ideals, cf. p. 107 of [33] . 

Let Xj be a surface of type (a). This is an exceptional divisor of such a blow-up with 
support on the double curve 7 of X corresponding to the edge 77. Then Xj maps to 7 with 
fibres which are rational by the toric nature of the singularity along 7. 




(9.8) 



Poj(Xq) = p u (X). 
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Suppose that Xj is of type (b) . Then Xj is an exceptional divisor appearing in the toric 
resolution of a toric singular point. Therefore Xj is rational and moreover it meets the other 
components along rational curves (cf., e.g., Section 2.6 in [22J). 

Therefore all of these components are rational or ruled, and hence also have p g = 0. 

Now let us consider the case fa > 1. In this case Xj is a fa-cover of the surface Xj, and 
such surfaces were classified in the previous corollary, along with the double curves which 
give the branch locus of the covering. In each case the cover is easily seen to be rational or 
ruled. Hence also for these surfaces one has p g = 0. 

Since we have shown that the homology of the graphs are the same, and we have controlled 
the p g of the components properly, the only thing left to prove is that dim(coker($x)) = 
dim(coker($^)). 

We have already seen that dim(coker($^ red )) = dim(coker($x)) in Proposition 19.51 The 
argument here is similar; it suffices to show that the extra components X v+ i, . . . ,X U do not 
contribute to dim(coker($^)). These surfaces are either rational or ruled over a curve 7. In 
the rational case, by the proof of Proposition 17.31 and by the above considerations about toric 
resolution of singularities, they meet the other components of X along rational curves. Hence 
they do not contribute to dim(coker $^). 

In the ruled case, Xj is a scroll over 7 and, by the description of the resolution process, Xj 
meets the other components of X along curves which are either rational or isomorphic to 7. 
The same argument as in Proposition 19.51 shows that the cokernel is unchanged in this case. 

Thus the proof is concluded by Theorem 14.31 □ 

As a direct consequence, we have the following: 

Theorem 9.9. (cf. pUl Theorem 4.14],) Let n : X — > A be a degeneration of surfaces with 
good Zappatic central fibre X = Xq- Then, for any t ^ 0, one has: 

Pg(X t ) =P W (X). 

Proof. Just consider the semistable reduction tt : X — > A as we did before. One clearly has 
that PgiXt) = p g (X t ) for t ^ 0. Theorem 19.11 then implies that p g (X t ) = p^(Xo) and finally 
Proposition 19.71 concludes that p^(Xo) = p u (X). □ 

10. The Multiple Point Formula 

The aim of this section is to prove a fundamental inequality, which involves the Zappatic 
singularities of a given good Zappatic surface X (see Theorem 110.21) . under the hypothesis 
that X is the central fibre of a good Zappatic degeneration as in Definition [53 This inequality 
can be viewed as an extension of the well-known Triple Point Formula (see Lemma 110.71 and 
cf. [20]), which holds only for semistable degenerations. As corollaries, we will obtain, among 
other things, the main result contained in Zappa's paper [60] (cf. Section [TT]) . 

Let us introduce some notation. 

Notation 10.1. Let X be a good Zappatic surface. We denote by: 

• 7 = X\ fl X 2 the intersection of two irreducible components X%, X 2 of X; 

• F 7 the divisor on 7 consisting of the _E 3 -points of X along 7; 

• fn(j) the number of _E n -points of X along 7; in particular, 73(7) = deg(F 7 ); 

• r n{l) the number of -R n -points of X along 7; 
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• s n (j) the number of ^-points of X along 7; 

• Pn{l) ■= r n (l) + «n(7), for n ^ 4, and ^3(7) = r 3 (7). 

If X is the central fibre of a good Zappatic degeneration X — > A, we denote by: 

• _D 7 the divisor of 7 consisting of the double points of X along 7 off the Zappatic 
singularities of X; 

• ^ — deg(.D 7 ); 

• dx the total number of double points of X off the Zappatic singularities of X. 

The main result of this section is the following (cf. (9j Theorem 7.2]): 

Theorem 10.2 (Multiple Point Formula). Let X be a surface which is the central fibre of a 
good Zappatic degeneration X — > A. Let 7 = X\ H X 2 be the intersection of two irreducible 
components Xi, X2 of X . Then 

(10.3) deg(K 7 | Xl ) + deg(X 7 | X2 ) + / 3 ( 7 ) - r 3 ( 7 ) - $>n(7) + /nfr)) ^ ^ ^ 0. 

In the planar case, one has: 

Corollary 10.4. Let X be a surface which is the central fibre of a good, planar Zappatic 
degeneration X — > A. Let ^ be a double line of X. Then 

(10.5) 2 + / 3 ( 7 ) - r 3 ( 7 ) - £> n ( 7 ) + /n(7)) ^ 7 ^ 0. 
Therefore: 

(10.6) 2e + 3/3 - 2r 3 - ^ n/ n - ^(n - l)p n ^ rfx ^ 0. 

n>4 n^4 

As for Theorem 18.11 the proof of Theorem 110.21 will be done in several steps, the first of 
which is the classical: 

Lemma 10.7 (Triple Point Formula). Let X be a good Zappatic surface with global normal 
crossings, which is the central fibre of a good Zappatic degeneration with smooth total space 
X. Let 7 = Xi H X 2 , where X\ and X 2 are irreducible components of X. Then: 

(10.8) K 7]Xl ® ^" 7 |x 2 ® 7 (^ 7 ) = 7 . 
Ln particular, 

(10.9) deg(^ 7 | Xl ) + deg(^ 7 | X2 ) + / 3 ( 7 ) = 0. 

Proof. By Definition 15.41 since the total space X is assumed to be smooth, the good Zappatic 
degeneration X — ► A is semistable. Let X = Ui=i Since X is a Cartier divisor in X which 
is a fibre of the morphism X — > A, then Ox(X) = Ox- Tensoring by 7 gives 7 (X) = 7 . 
Thus, 

(10.10) 7 S 7 (Xi) ® 7 (X 2 ) <g> 7 (F), 

where F = U^Jfj. One concludes by observing that in (110.101) one has 1 (X i ) = N 7 \x 3 ^i, 
1 < i ^ 2, and 7 (Y") = 7 (F 7 ). □ 
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It is useful to consider the following slightly more general situation. Let X be a union 
of surfaces such that X red is a good Zappatic surface with global normal crossings. Then 
X rc d = U v i=1 Xi and let rrii be the multiplicity of Xj in X, i — 1, . . . , v. Let 7 = X\ D X 2 be 
the intersection of two irreducible components of X. For every point p of 7, we define the 
weight w(p) of p as the multiplicity rrii of the component Xj such that p G 7 H Xj. 

Of course 7^ only for £^ 3 -points of X red on 7. Then we define the divisor F 7 on 7 as 

F 7 := 

p 

The same proof of Lemma ["10.71 shows the following: 

Lemma 10.11 (Generalized Triple Point Formula). Let X be a surface such that X re d = UjXj 
is a good Zappatic surface with global normal crossings. Let rrii be the multiplicity of Xi in 
X. Assume that X is the central fibre of a degeneration X — > A with smooth total space X. 
Let 7 = Xi fl X 2 , where Xi and X 2 are irreducible components o/X re( j. Then: 

(10.12) ^ <8 IN*g (8 7 (F 7 ) £ 7 . 
7n particular, 

(10.13) m 2 deg(X 7 , Xl ) + m x deg(K 7 , X2 ) + deg(F 7 ) = 0. 

The second step is given by the following result (cf. (9j Proposition 7.14]): 

Proposition 10.14. Let X be a good Zappatic surface with global normal crossings, which 
is the central fibre of a good Zappatic degeneration X — > A. Let 7 = Xi n X 2 , where X± and 
X 2 are irreducible components of X. Then: 

(10.15) X 7 , Xl ® X 7 | X2 ® 7 (F 7 ) = 7 (D 7 ). 
7n particular, 

(10.16) deg(K 7 | Xl ) + deg(K 7 , X2 ) + / 3 ( T ) = d T 

Proof. By the very definition of good Zappatic degeneration, the total space X is smooth 
except for ordinary double points along the double locus of X, which are not the _E 3 -points 
of X. We can modify the total space X and make it smooth by blowing-up its double points. 

Since the computations are of local nature, we can focus on the case of X having only one 
double point p on 7. We blow-up the point p in X to get a new total space X', which is smooth. 
Notice that, according to our hypotheses, the exceptional divisor E := E%, p = P(Tx lP ) is 
isomorphic to a smooth quadric in P 3 (see Figure 1221). 




FIGURE 22. Blowing-up an ordinary double point of X 



The proper trasform of X is: 

X' = X[ + X' 2 + Y 
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where X[, X' 2 are the proper transforms of Xi, X 2 , respectively. Let 7' be the intersection 
of X[ and X' 2 , which is clearly isomorphic to 7. Let p\ be the intersection of 7' with E. 
Since X' is smooth, we can apply Lemma ["10.11l to 7'. Therefore, by (110.121) . we get 

Oy = X^xi ® N 7 , ]x , ® Oy (Fy). 

In the isomorphism between 7' and 7, one has: 

Oy(Fy - Pl ) = 7 (F 7 ), Ny, X / X 7 | Xi ® 7 (-J>), 1 < i < 2. 

Putting all this together, one has the result. □ 

Taking into account Lemma flO.lll the same proof of Proposition [luTT4l gives the following 
result: 

Corollary 10.17. (cf. 0, Corollary 7.17]) Let X be a surface such that X re d = UjXj is a 
good Zappatic surface with global normal crossings. Let mj be the multiplicity of Xi in X. 
Assume that X is the central fibre of a degeneration X — > A with total space X having at most 
ordinary double points outside the Zappatic singularities of X re d. 

Let 7 = X\ PI X 2 , where X\ and X 2 are irreducible components of X Te &. Then: 

(10.18) <8 <g> 7 (F 7 ) 7 ( J D 7 )^ (mi+m2) . 
In particular, 

(10.19) m 2 deg(>J" 7 |x 1 ) + mi deg(N 7 |x 2 ) + deg(F 7 ) = (m 1 + m 2 )d 1 . 

Now we can come to the: 

Proof of Theorem MO.^. Recall that, by Definition 15.41 of Zappatic degenerations, the total 
space X has only isolated singularities. We want to apply Corollary IIP. 171 after having resolved 
the singularities of the total space X at the Zappatic singularities of the central fibre X, i.e. 
at the i? n -points of X, for n ^ 3, and at the E n ~ and ^-points of X, for n ^ 4. 

Now we briefly describe the resolution process, which will become even clearer in the second 
part of the proof, when we will enter into the details of the proof of Formula (110.31) . 

Following the blowing-up process of Algorithm 17.21 and of Proposition 17.31 - (1) at the 
R n ~ and ^-points of the central fibre X, as described in details in Section El one gets a 
degeneration such that the total space is Gorenstein, with isolated singularities, and the 
central fibre is a Zappatic surface with only _E n -points. 

The degeneration will not be Zappatic, if the double points of the total space occurring 
along the double curves, off the Zappatic singularities, are not ordinary. According to our 
hypotheses, this cannot happen along the proper transform of the double curves of the orig- 
inal central fibre. All these non-ordinary double points can be resolved with finitely many 
subsequent blow-ups and they will play no role in the computation of Formula (110.31 ). 

Recall that the total space X is smooth at the ^-points of the central fibre, whereas X has 
multiplicity either 2 or 4 at an i? 4 -point of X. Thus, we can consider only E^-points p G X, 
for n ^ 4. 

By Proposition l6.17[ p is a quasi-minimal singularity for X, unless n = 4 and mult p (X) = 2. 
In the latter case, this singularity is resolved by a sequence of blowing-ups at isolated double 
points. 
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Assume now that p is a quasi-minimal singularity for X. Let us blow-up X at p and let E' 
be the exceptional divisor. Since a hyperplane section of E' is Ce u , the possible configurations 
of E' are described in Proposition 16.241 (iii). 

If E' is irreducible, that is case (iii. a) of Proposition 16.241 then E' has at most isolated 
rational double points, where the new total space is either smooth or it has a double point. 
This can be resolved by finitely many blowing-ups at analogous double points. 

Suppose we are in case (iii.b) of Proposition 16.241 If E' has global normal crossings, then 
the desingularization process proceeds exactly as before. 

If E' does not have global normal crossings then, either E' has a component which is a 
quadric cone or the two components of E' meet along a singular conic. In the former case, 
the new total space has a double point at the vertex of the cone. In the latter case, the total 
space is either smooth or it has an isolated double point at the singular point of the conic. 
In either cases, one resolves the singularities by a sequence of blowing-ups as before. 

Suppose finally we are in case (iii.c) of Proposition 16.241 i.e. the new central fibre is a 
Zappatic surface with one point p' of type E m , with m ^ n. Then we can proceed by 
induction on n. Note that if an exceptional divisor has an E^-point p", then p" is either a 
smooth, or a double, or a triple point for the total space. In the latter two cases, we go 
on by blowing-up p" . After finitely many blow-ups (by Definition 15.41 cf. Proposition 3.4.13 
in [34]), we get a central fibre which might be non-reduced, but its support has only global 
normal crossings, and the total space has at most ordinary double points off the E^-points of 
the reduced part of the central fibre. 

Now we are in position to apply Corollary ll0.17[ In order to do this, we have to understand 
the relations between the invariants of a double curve of the original Zappatic surface X and 
the invariants appearing in Formula (110.191) for the double curve of the strict transform of X. 

Since all the computations are of local nature, we may assume that X has a single Zappatic 
singularity p, which is not an E^-point. We will prove the theorem in this case. The general 
formula will follow by iterating these considerations for each Zappatic singularity of X. 

Let X\, X 2 be irreducible components of X containing p and let 7 be their intersection. 
As we saw in the above resolution process, we blow-up X at p. We obtain a new total space 
X', with the exceptional divisor E' := Ex, p = P(Tx lP ) and the proper transform X[, X' 2 of 
Xl, X 2 . Let 7' be the intersection of X[, X' 2 . We remark that 7' = 7 (see Figure l23l . 




Notice that X' might have Zappatic singularities off 7'. These will not affect our consider- 
ations. Therefore, we can assume that there are no singularities of X' of this sort. Thus, the 
only point of X' we have to take care of is p\ := E' fl 7'. 
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If pi is smooth for E', then it must be smooth also for X'. Moreover, if p\ is singular for 
E', then p\ is a double point of E' as it follows from the above resolution process and from 
Proposition 16.241 Therefore, p\ is at most double also for X'; since p\ is a quasi-minimal, 
Gorenstein singularity of multiplicity 4 for the central fibre of X', then p\ is a double point 
of X' by Proposition 16.171 

Thus there are two cases to be considered: either 

(i) pi is smooth for both E' and X', or 

(ii) p\ is a double point for both E' and X'. 

In case (i), the central fibre of X' is X' = X[ U X' 2 U Y' U E' and we are in position to use 
the enumerative information (110. 16j) from Proposition 110.141 which reads: 

deg(Ky|x() + deg(Ky|^) + Hi) = dy- 
Observe that fad) is the number of _E 3 -points of the central fibre X' of X' along 7', therefore 

/s(Y)=/8(7) + l- 

On the other hand: 

deg(Ny|^) = deg(X 7 | X J - 1, 1 < i ^ 2. 

Finally, 

and therefore we have 

(10.20) deg(K 7 , Xl ) + deg(K 7 , X2 ) + / 3 ( T ) - 1 = d y 

which proves the theorem in this case (i). 

Consider now case (ii), i.e. p\ is a double point for both E' and X'. 

If p\ is an ordinary double point for X', we blow-up X' at p\ and we get a new total space X". 
Let X", X'2 be the proper transforms of X[, X%, respectively, and let 7" be the intersection of 
X" and X'l , which is isomorphic to 7. Notice that X" is smooth and the exceptional divisor 
E" is a smooth quadric (see Figure [24]). 




FIGURE 24. Blowing-up X' at p\ when p\ is ordinary for both X' and E' 

We remark that the central fibre of X" is now non-reduced, since it contains E" with 
multiplicity 2. Thus we apply Corollary 110.171 and we get 

Oy, = Ky/| X » ® N 7 »| X ^' ® 7 »(F 7 »)- 

Since, 

deg(X 7 «| Xr ) = deg(K 7 | Xi ) - 2, % = 1, 2, degF 7 » = / 3 ( 7 ) + 2, 
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then, 

(10.21) deg(N^ lXl ) + deg(X 7 | X2 ) + / 3 ( 7 ) - 1 = d 7 + 1 > d 7 . 

If the point p\ is not an ordinary double point, we again blow-up p\ as above. Now the 
exceptional divisor E" of X" is a singular quadric in P 3 , which can only be either a quadric 
cone or it has to consist of two distinct planes E'{, E 2 . Note that if p\ lies on a double line 
of E' (i.e. pi is in the intersection of two irreducible components of E'), then only the latter 
case occurs since E" has to contain a curve Ce 4 . 

Let P2 = E" fl 7". In the former case, if p 2 is not the vertex of the quadric cone, then the 
total space X" is smooth at p 2 and we can apply Corollary 1 1 . 1 71 and we get (I10.2ip as before. 

If pi is the vertex of the quadric cone, then p 2 is a double point of X" and we can go on 
blowing-up X" at p 2 . This blow-up procedure stops after finitely many, say h, steps and one 
sees that Formula (110.211) has to be replaced by 

(10.22) deg(K 7 , Xl ) + deg(^ 7 | X2 ) + / 3 ( 7 ) - 1 = d 7 + h > d T 

In the latter case, i.e. if E" consists of two planes E" and E 2 , let A be the intersection line 
of E'l and E 2 . If p 2 does not belong to A (see Figure 1251). then p 2 is a smooth point of the 
total space X", therefore we can apply Corollary 110.171 and we get again Formula ( 110.2ir i . 




Figure 25. E" splits in two planes E'(, E'l and p 2 £ E'{ n E% 

If p 2 lies on A, then p 2 is a double point for the total space X" (see Figure [26]). We can 
thus iterate the above procedure until the process terminates after finitely many, say h, steps 
by getting rid of the singularities which are infinitely near to p along 7. At the end, one gets 
again Formula (110.2211 . □ 




Figure 26. E'" splits in two planes E'l', E' 2 " and p 3 e E'{' n E' 2 ' 
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Remark 10.23. We observe that the proof of Theorem 110.21 proves a stronger result than 
what we stated in ( 110.31) . Indeed, the idea of the proof is that we blow-up the total space X at 
each Zappatic singularity p in a sequence of singular points p, Px, P2, • ■ ■ , Ph p , each infinitely 
near one to the other along 7. Note that Pi, i — 1, . . . , h p , is a double point for the total 
space. 

The above proof shows that the first inequality in (I10.3P is an equality if and only if each 
Zappatic singularity of X has no infinitely near singular point. Moreover (110.221) implies that 

deg(K 7 | Xl ) + deg(K 7 | X2 ) + / 3 (t) - r 3 (7) - J^Mt) + fn(l)) = d 7 + V 

In other words, as natural, every infinitely near double point along 7 counts as a double point 
of the original total space along 7. 

11. ON SOME RESULTS OF ZAPPA 

In [55], EH E3, EH EH EOj El], Zappa considered degenerations of projective surfaces to 
a planar Zappatic surface with only R3-, S4- and .E^-points. One of the results of Zappa's 
analysis is that the invariants of a surface admitting a good planar Zappatic degeneration 
with mild singularities are severely restricted. In fact, translated in modern terms, his main 
result in [60] can be read as follows: 

Theorem 11.1 (Zappa). Let X — > A be a good, planar Zappatic degeneration, where the 
central fibre Xo = X has at most R3- and E 3 -points. Then, for t ^ 0, one has 

(11.2) K 2 :=K 2 Xt ^8 X +l-g, 

where x = x(Ox t ) and g is the sectional genus ofX t . 

Theorem 111.11 has the following interesting consequence: 

Corollary 11.3 (Zappa). If X ^ A is a good, planar Zappatic degeneration of a scroll X t of 
sectional genus g ^ 2 to Xo = X , then X has worse singularities than R3- and E 3 -points. 

Proof. For a scroll of genus g one has 8% + 1 — g — K 2 = 1 — g. □ 

Actually Zappa conjectured that for most of the surfaces the inequality K 2 ^ 8% + l should 
hold and even proposed a plausibility argument for this. As well-known, the correct bound 
for all the surfaces is K 2 ^ 9%, proved by Miyaoka and Yau (see [401 El]) several decades 
after Zappa. 

We will see in a moment that Theorem 111.11 can be proved as consequence of the compu- 
tation of K 2 (see Theorem 18. ip and the Multiple Point Formula (see Theorem 110.21) . 

Actually, Theorems 18.11 and 110.21 can be used to prove a stronger result than Theorem lll.lt 
indeed: 

Theorem 11.4. (cf. [9, Theorem 8. 4] J Let X — > A be a good, planar Zappatic degeneration, 
where the central fibre Xq = X has at most R3-, E 3 -, E4- and E 5 -points. Then 

(11.5) K 2 ^8 X + l-g. 

Moreover, the equality holds in (Ill.Sp if and only if Xt is either the Veronese surface in P 5 
degenerating to four planes with associated graph S4 (i.e. with three R^-points, see Figure 
WK a), or an elliptic scroll of degree n ^ 5 in P n_1 degenerating to n planes with associated 
graph a cycle E n (see FigureWKb). 
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Furthermore, if X t is a surface of general type, then 
(11.6) K 2 <8 X -g- 




(a) (b) 
Figure 27. 

Proof. Notice that if X has at most i? 3 -, E 3 -, E±~ and i?5-points, then Formulas (18.31) and 
(1831) give K 2 = 9v - lOe + 6/3 + 8/4 + 10/ 5 + r 3 . Thus, by (13161) and (13191) . one gets 

8 X + 1 - 9 - K 2 = 8v - 8e + 8/3 + 8/4 + 8/5 + 1 - (e - v + 1) - K 2 = e - r 3 + 2/ 3 - 2/ 5 = 

= I ( 2e - 2r 3 + 3/3 - 4/4 -5/ 5 ) + i/ 3 + 2/4 + ^/5 2 ^3 + 2/4 + ^/5^0 

where the inequality (*) follows from (110.61) . This proves Formula (111.51) (and Theorem lll.il) . 

If K 2 = 8x + 1 — g, then (*) is an equality, hence / 3 = f± — f§ — and e = r 3 . Therefore, 
by Formula (I3.23[) . we get 

(11.7) J] Wl (w; i -l) = 2r 3 = 2e, 

i 

where Wi denotes the valence of the vertex Vi in the graph Gx- By definition of valence, the 
right-hand-side of ( 111.71) equals 'Yli w i- Therefore, we get 

(11.8) ^w i (w i -2) = 0. 

i 

If Wi ^2, for each 1 ^ i ^ v , one easily shows that only the cycle as in Figure [27| (b) is 
possible. This gives 

X = 0, K 2 = 0, g = 1, 
which implies that X f is an elliptic scroll. 

Easy combinatorial computations show that, if there is a vertex with valence 7^ 2, then 
there is exactly one vertex with valence 3 and three vertex of valence 1. Such a graph, with 
v vertices, is associated to a planar Zappatic surface of degree v in P^ +1 with 

X = 0, Pg = 0, = 0. 

Thus, by hypothesis, K 2 = 9 and, by properties of projective surfaces, the only possibility is 
that v — 4, Gx is as in Figure [27| (a) and X t is the Veronese surface in P 5 . 

Suppose now that X t is of general type. Then x ^ 1 an d v = deg(X t ) < 2g — 2. Formulas 
(13161 ) and ( 13191) imply that x = f ~ 9 + 1 > 1 , thus f^g> v/2 + 1. Clearly u ^ 4, hence 
/ ^ 3. Proceeding as at the beginning of the proof, we have that: 

8x-0-^ 2 ^^/ 3 + 2/ 4 + ^/ 5 -l^^/-l>O, 



ON DEGENERATIONS OF SURFACES 67 

or equivalently K 2 < 8x — g- D 

Remark 11.9. By following the same argument of the proof of Theorem lll.4l one can list all 
the graphs and the corresponding smooth projective surfaces in the degeneration, for which 
K 2 = 8x — 9- For example, one can find X t as a rational normal scroll of degree n in P n+1 
degenerating to n planes with associated graph a chain R n . On the other hand, one can also 
have a del Pezzo surface of degree 7 in P 7 . 

Let us state some applications of Theorem 111 .41 

Corollary 11.10. If X is a good, planar Zappatic degeneration of a scroll X t of sectional 
genus g ^ 2 to X = X , then X has worse singularities than R 3 -, E 3 -, E±- and E 5 -points. 

Corollary 11.11. IfX is a good, planar Zappatic degeneration of a del Pezzo surface Xt of 
degree 8 in P 8 to Xq = X , then X has worse singularities than R 3 -, E 3 -, E 4 - and E 5 -points. 

Proof. Just note that K 2 = 8 and x — 9 — lj thus X t satisfies the equality in (|11.5I) . □ 

Corollary 11.12. IfX is a good, planar Zappatic degeneration of a minimal surf ace of general 
type X t to Xq = X with at most R 3 -, E 3 -, £4- and E 5 -points, then 

g ^ 6x + 5. 

Proof. It directly follows from (111.61) and Noether's inequality, i.e. K 2 ^ 2% — 6. □ 

Corollary 11.13. If X is a good planar Zappatic degeneration of an m-canonical surface of 
general type X t to Xq = X with at most R%-, E 3 -, E4- and E 5 -points, then 

(i) m ^ 6; 

(ii) if m = 5,6, then x = 3, K 2 = 1; 

(iii) ifm = A, then x ^ 4, 8x ^ UK 2 + 2; 

(iv) ifm = 3, then x ^ 6, 8x ^ 7K 2 + 2; 

(v) ifm = 2, then K 2 ^ 2 X - 1; 

(vi) if m = 1, then K 2 ^ 4% — 1. 

Proof. Take X t = S to be m-canonical. First of all, by Corollary 111.121 we immediately get 
(i). Then, by Formula (111.61 ). we get 

(m 2 + m + 2) - 
8 X - 2 > K - l K 2 . 

Thus, if m equals either 1 or 2, we find statements {y) and {vi). 
Since S is of general type, by Noether's inequality we get 

. (m 2 + m + 2) 

This gives, for m ^ 3, 

22 

X^3 + 



(m 2 + m — 6) 

which, together with the above inequality, gives the other cases of the statement. □ 

It would be interesting to see whether the numerical cases listed in the above corollary can 
actually occur. 
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We remark that Corollary 111.101 implies in particular that one cannot hope to degenerate 
all surfaces to unions of planes with only global normal crossings, namely double lines and 
i?3-points; indeed, one needs at least _E n -points, for n ^ 6, or R m -, 5* m -points, for m ^ 4. 

From this point of view, another important result of Zappa is the following (cf. [55l § 12]): 

Theorem 11.14 (Zappa). For every g ^ 2 and every d ^ 3g + 2, there are families of scrolls 
of sectional genus g, of degree d, with general moduli having a planar Zappatic degeneration 
with at most R3-, S4- and E 3 -points. 

Zappa's arguments rely on a rather intricate analysis concerning degenerations of hyper- 
plane sections of the scroll and, accordingly, of the branch curve of a general projection of the 
scroll to a plane. We have not been able to check all the details of this very clever argument. 
However, the idea which Zappa exploits, of degenerating the branch curve of a general pro- 
jection to a plane, is a classical one which goes back to Enriques, Chisini, etc. and certainly 
deserves attention. In reading Zappa's paper [55], our attention has been attracted by other 
ingredients he uses to study the aforementioned degenerations, which look interesting on their 
own. Precisely, Zappa gives extendability conditions for a curve on a scroll which is not a 
cone. For an overview of these results with a modern approach, the reader is referred to [HI 
§6]. In particular, we prove a slightly more general version of the following result of Zappa 
(cf. [HI Theorem 6.8]): 

Proposition 11.15 (Zappa). Let C C P 2 be a general element of the Severi variety Vd >g of 
irreducible curves of degree d and geometric genus g ^ 2, with d ^ 2(7 + 2. Then C is the 
plane section of a scroll S C P 3 which is not a cone. 

Via completely different techniques, we prove in [H] the following result which generalizes 
Theorem 111.141 of Zappa: 

Theorem 11.16. (cf. [8| Theorem 1.2]; Let g ^ and either d ^ 2, if g = 0, or d ^ 5, 

if g = 1, or d ^ 2g + 4, if g ^ 2. Then there exists a unique irreducible component "Kd,g 
of the Hilbert scheme of scrolls of degree d and sectional genus g in 

such that the 

general point ofKdg represents a smooth scroll S which is linearly normal and moreover with 
H\S,O s (l)) = 0." 
Furthermore, 

(i) J-Cd, g is generically reduced and dim(J{d ig ) = (d — 2g + 2) 2 + 7(g — 1), 

(ii) "Kd,g contains the Hilbert point of a planar Zappatic surface having only either d — 2 
R^-points, if g = 0, or d — 2g + 2 points of type R3 and 2g — 2 points of type S4, if 
g ^ 1, as Zappatic singularities, 

(iii) "}id,g dominates the moduli space M 9 of smooth curves of genus g. 

For other results concerning the geometry of the general scroll parametrized by 3id, g , cf. [H] 
and [12]. 

In a more general setting, it is a natural question to ask which Zappatic singularities are 
needed in order to degenerate as many smooth, projective surfaces as possible to good, planar 
Zappatic surface. Note that there are some examples (cf. S fT2l) of smooth projective surfaces 
S which certainly cannot be degenerated to Zappatic surfaces with E n -, R n -, or S^-points, 
unless n is large enough. 

However, given such a S, the next result — i.e. Proposition 111.171 — suggests that there 
might be a birational model of S which can be Zappatically degenerated to a surface with 
only R 3 - and .E^-points, for n ^ 6. 
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Proposition 11.17. Let X — > A be a good planar Zappatic degeneration and assume that the 
central fibre X has at most R3- and E m -points, for m ^ 6. Then 

K 2 < 9 X - 

Proof. The bounds for in Theorem EH give 9%— K 2 = 9v — 9e+^^ =3 9f m —K 2 . Therefore, 
we get: 

(11.18) 2(9 X - K 2 ) > 2e + 6/3 + 2/ 4 - 2/ 5 - 6/ B - 2r 3 

If we plug IjirTBjl in ( flLTSl . we get 

2(9 X - K 2 ) > (2e + 3/ 3 - 4/ 4 - 5/ B - 6/ 6 - 2r 3 ) + (3/ 3 + 6/4 + 3/ 5 ), 
where both summands on the right-hand-side are non-negative. □ 

In other words, Proposition ! 1 1 . 1 71 states that the Miyaoka-Yau inequality holds for a smooth 
projective surface S which can degenerate to a good planar Zappatic surface with at most 
R 3 - and _E n -points, 3 ^ n ^ 6. 

Another interesting application of the Multiple Point Formula is given by the following 
remark. 

Remark 11.19. Let X — > A be a good, planar Zappatic degeneration. Denote by 5 the class 
of the general fibre X t of X, t ^ 0. By definition, 5 is the degree of the dual variety of X t , 
t 0. From Zeuthen-Segre (cf. [19] and [32]) and Noether's Formula (cf. [27], page 600), it 
follows that: 

(11.20) 5 = xtop + deg(X t ) + A(g - 1) = (9* - K 2 ) + 3f + e. 

Therefore, (110.61) implies that: 

S > 3/3 + r 3 + ^(12 - n)f n + J2( n ~ l )pn - k. 

In particular, if X is assumed to have at most i? 3 - and _E 3 -points, then (111 . 20j) becomes 

5 = (2e + 3/3-2r 3 ) + (3/3 + r3), 

where the first summand in the right-hand side is non-negative by the Multiple Point Formula; 
therefore, one gets 

5>3f 3 + r 3 . 

Zappa's original approach in [55], indeed, was to compute 5 and then to deduce Formula 
(111.2ft and Theorem 111.11 from this. 

12. Examples of degenerations of surfaces to Zappatic unions of planes 

The aim of this section is to illustrate some interesting examples of degenerations of smooth 
surfaces to good, planar Zappatic surfaces. We also discuss some examples of non-smoothable 
Zappatic surfaces and we pose open questions on the existence of degenerations to planar 
Zappatic surfaces for some classes of surfaces. 

Product of curves (Zappa) (cf. Example 3.1 in [8]). Let C C P"" 1 and C C P" 1 " 1 be 
general enough curves. Consider the smooth surface 

S = CxC C P"" 1 x P" 1 - 1 c F nm ~\ 
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If C and C can degenerate to stick curves, say to Co and C respectively, then the surface S 
degenerates to a union of quadrics Y with only double lines as singularities in codimension 
one and with Zappatic singularities. 

If we could (independently) further degenerate each quadric of Y to the union of two planes, 
then we would be able to get a degeneration X — > A with general fibre X t — S = C x C and 
central fibre a good, planar Zappatic surface Xo = X. This certainly happens if each quadric 
of Y meets the other quadrics of Y along a union of lines of type (a, 6), with a, b ^ 2 (see 
Figure l28l). 




Figure 28. A quadric degenerating to the union of two planes 

For example S = C x C can be degenerated to a good, planar Zappatic surface if C and 
C are either rational or elliptic normal curves and we degenerate them to stick curves Cn n 
and Ce„, respectively. 

Let us see some of these cases in detail, 
(a) Rational normal scrolls (cf. Example 3.2 in [§]). Let C C P n be a rational normal 
curve of degree n. Since C can degenerate to a stick curve C^, the surface S = 
C x P 1 c P 2n+1 can degenerate to a chain of n quadrics as in Figure EH which is a 
good Zappatic surface. 



Figure 29. Union of n quadrics with a chain as associated graph 

As we remarked above, the chain of quadrics can further degenerate to a good, 
planar Zappatic surface X which is the union of 2n-planes (see Figure 1301). Note that 
the surface X has only i? 3 -points as Zappatic singularities and its associated graph 
Gx is a chain R 2n . In this way, one gets degeneration of a rational normal scroll to a 
good, planar Zappatic surface with only i?3-points as Zappatic singularities, 
(b) Ruled surfaces (cf. Example 3.3. in [8]). Let now C C P™ _1 be a normal elliptic curve of 
degree n. Since C can degenerate to a stick curve Ce„, the surface S = C x P 1 c P 2n_1 
can degenerate to a cycle of n quadrics (see Figure IBID . 



ON DEGENERATIONS OF SURFACES 



71 




Figure 31. A cycle of n quadrics 

As before, such a cycle of quadrics can degenerate to a good, planar Zappatic 
surface X which is a union of 2n planes with only i? 3 -points and whose associated 
graph corresponds to the cycle graph E 2n +2 (see figure [32]) . 




Figure 32. A union of 2n planes with a cycle as associated graph 

(c) Abelian surfaces (cf. Example 3.4 in [8]). Let C C P n_1 and C C P m_1 be smooth, 
elliptic normal curves of degree respectively n and m. Then C and C degenerate to the 
stick curves Ce„ and Cg m respectively, hence the abelian surface S = C x C C P nm_1 
degenerates to a Zappatic surface which is a union of mn quadrics with only i? 4 -points 
as Zappatic singularities, cf. e.g. the picture on the left in Figure [33], where the top 
edges have to be identified with the bottom ones, similarly the left edges have to be 
identified with the right ones. Thus the top quadrics meet the bottom quadrics and 
the quadrics on the left meet the quadrics on the right. 

Again each quadric degenerates to the union of two planes. By doing this as depicted 
in Figure [33], one gets a degeneration of a general abelian surface with a polarization 
of type (n, m) to a planar Zappatic surface of degree 2nm with only i^-points as 
Zappatic singularities. 
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Figure 33. nm quadrics with K^-points and 2nm planes with i? 6 -points 

Concerning the general case, suppose that either C or C has genus greater than 1. If 
C and C degenerate to stick curves, then the surface S = C x C degenerates as above to 
a union of quadrics. Unfortunately it is not clear if it is possible to further independently 
degenerate each quadric to two planes in the same way as above and, in [58], Zappa left as 
an open problem to prove the degeneration to a union of planes. 

Theorem 111.161 proved in the paper [8], show that CxP 1 , suitably embedded as a non- 
special, linearly normal scroll, really degenerates to a union of planes with only R3- and 
^-points. Indeed, let C be any curve of genus g and let L be a very-ample non-special line 
bundle of degree d ^ g + 3. The global sections of L determine an embedding of C in F d ~ 9 . 
Consider the Segre embedding of C x P 1 . This gives a non-special, linearly normal, smooth 
scroll S of degree 2d in p 2d-2 s+ 1 and the corresponding point sits in the irreducible component 
"^2d,g of the Hilbert scheme mentioned in Theorem II 1.161 By our results in [8], it follows that 
S degenerates to a planar Zappatic surface with 2(d — g + 1) points of type R3 and 2(g — 1) 
points of type S4 (cf. Construction 4.2 in [H]). 

Degeneration to cones. Recall the following result of Pinkham: 

Theorem 12.1 (Pinkham [47], [48]). Let S C P n be a smooth, irreducible and projectively 
Cohen- Macaulay surface. Then S degenerates to the cone over a hyperplane section of S. 

Let C be the hyperplane section of S. Suppose that C can be degenerated to a stick curve 
Cq. In this case, S can be degenerated to the cone X over the stick curve C . By definition, 
X is a Zappatic surface only if C has genus either or 1. Therefore: 

Corollary 12.2. (i) Any surface S of minimal degree (i.e. of degree n) in P n+1 can be 
degenerated to the cone over the stick curve Ct„, for any tree T n with n vertices (cf. Example 
VTM 

(ii) Any del Pezzo surface S of degree n in P n ; n ^ 9, can be degenerated to the cone over the 
stick curve Cz n , for any connected graph with n ^ 3 vertices and /i 1 (Z n , C) = 1 (cf. Example 

\m. 

For n = 4, recall that the surfaces of minimal degree in P 5 are either the Veronese surface 
(which has K 2 = 9) or a rational normal scroll (which has K 2 = 8). Therefore: 

Corollary 12.3 (Pinkham). The local deformation space of a T4- singularity is reducible. 

Veronese surfaces (Moishezon-Teicher). Consider Vd C p d ( d + 3 )/ 2 be the d- Veronese 
surface, namely the embedding of P 2 via the linear system 1 0n»2 (d) | . In [42], Moishezon and 
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Teicher described a "triangular" degeneration of Vd such that the central fibre is a union of 
d 2 planes with only _R 3 - and i^-points as Zappatic singularities (see Figure 1341). 




Figure 34. Degeneration of the d- Veronese surface. 

Let us explain how to get such a degeneration. Consider the trivial family X = P 2 x A, 
where A is a complex disk. Let £ = Ox(d) be a line bundle on X. If we blow-up a point in 
the central fibre of X, the new central fibre becomes as the left-hand-side picture in Figure 
1351 where E is the exceptional divisor, II = P 2 and Fi is the Hirzebruch surface. 



H ¥ 1 



n 



Figure 35. Degenerating the d- Veronese surface Vd 

Let X be the blown-up family and let £ be the line bundle on X given by the pull-back of 
£ twisted by the divisor — (d— 1)11. Then £ restricts to dH — (d— 1)E on the surface Fi and 
to (d — 1)L on the plane LT, respectively. 

These line bundles embed, respectively, Fi as a rational normal scroll S 2d -i of degree 2d — l 
and LT as the (d — l)-Veronese surface V d -\ meeting along a rational normal curve of degree 
d — 1 (see the right-hand-side picture of Figure 1351). One can independently degenerate V d -\ 
ro a good, planar Zappatic surface, by induction on d (getting the left most bottom triangle 
in figure [34]) and the rational normal scroll Sm-i as we saw before (getting the top strip in 
the triangle in figure 1341). 

K3 surfaces. In the paper p[5], the authors construct a specific projective degeneration of 
a K3 surface of degree 2g — 2 in P 9 to a planar Zappatic surface which is a union of 2g — 2 
planes, which meet in such a way that the associated graph to the configuration of planes is 
a triangulation of the 2-sphere. 

In the previous paper [14], planar Zappatic degenerations of K3 surfaces were constructed 
in such a way that the general member of the degeneration was embedded by a primitive 
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line bundle. In [15] the general member of the degeneration is embedded by a multiple of a 
primitive line bundle class (for details, the reader is referred to the original articles). 

Let X denote a good, planar Zappatic surface which is a degeneration of a i^3-surface 
S C P 9 of genus g and let G be the associated graph to X. Then, G is planar, because 
p g (S) = 1, and 3-valent (see [H]). By using Notation 13.121 we get 

(12.4) ^ = 2^-2, e = 3<7-3, f = g + l. 

Conversely, by starting from a planar graph G with invariants as in (112.41) . one can find a 
Zappatic numerical K3 surface X whose associated graph is G. Such an X is called a graph 
surface. Smoothable graph surfaces are exhibited in [T4] and [1 5j . 

The specific degenerations constructed in [15] depend on two parameters and can be viewed 
as two rectangular arrays of planes, joined along their boundary. For this reason, these are 
called pillow degenerations. 

Take two integers a and b greater than or equal to two and set g = 2ab + 1. The number 
of planes in the pillow degeneration is then 2g — 2 = 4ab. The projective space F 9 has 
g + 1 = lab + 2 coordinate points, and each of the 4ab planes is obtained as the span of three 
of these. These sets of three points are indicated in Figure [36], which describes the bottom 
part of the "pillow" and the top part of the "pillow", which are identified along the boundaries 
of the two configurations. The reader will see that the boundary is a cycle of 2a + 2b lines. 



Figure 36. Configuration of Planes, Top and Bottom 
Top Bottom 

Boundary points labeled from Boundary points labeled from 

1 through 2a + 2b, clockwise; 1 through 2a + 2b, clockwise; 

interior points labeled from interior points labeled from 

2a + 2b + 1 through ab + a + b + 1 ab + a + b + 2 through 2ab + 2 
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Note that no three of the planes meet along a line. Also note that the set of bottom planes 
lies in a projective space of dimension ab + a + 6, as does the set of top planes; these two 
projective spaces meet exactly along the span of the 2a + 2b boundary points, which has 
dimension 2a + 2b — 1. Finally note that the four corner points of the pillow degeneration 
(labelled 1, a+1, a+6+1, and a+26+1) are each contained in three distinct planes, whereas all 
the other points are each contained in six planes. This property, that the number of lines and 
planes incident on each of the points is bounded is a feature of the pillow degeneration that 
is not available in other previous degenerations (see [H]). We will call such a configuration 
of planes a pillow of bidegree (a, 6). 

Observe that a pillow of bidegree (a, 6) is a planar Zappatic surface of degree 2g — 2, having 
four i? 3 -points and 2a6 — 2 = g — 3 -E^-points as Zappatic singularities. 
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Remark 12.5. i? n -points, with n ^ 6, are unavoidable for the degeneration of K3 surfaces 
with hyperplane sections of genus g, if g ^ 12. Indeed, by using Notation 13.121 Formula 
(112.4ft and the fact that G is 3-valent, we get 

9 + 1 = / = ^2 fn and 6(g - 1) = 3v = ^ n fn- 

n n 

These give 

£(6-n)/ n = 12. 

n 

If we assume that f n = 0, for n ^ 6, the last equality gives 2/ 4 +/ 5 = 12 and so IO/4+5/5 = 60. 
This equality, together with 4/ 4 + 5/ 5 = 6(7 — 6 gives g + / 4 = 11, i.e. g ^ 11. 

Complete intersections. Consider a surface 5 C P n which is a general complete intersec- 
tion of type (di, . . . , d n -2). Namely S is defined as the zero-locus 

fl = • " • = fn-2 = 0, 

where fi is a general homogeneous polynomial of degree di, 1 ^ i ^ n — 2. 

One can degenerate any hypersurface /j = to the union of di hyperplanes. This implies 
that S degenerates to a planar Zappatic surface X with global normal crossings, i.e. with 
only i? 3 -points as Zappatic singularities. 

We remark that degenerations of surfaces to good, planar Zappatic ones are possible also 
when S is projectively Cohen-Macaulay in P 4 , by some results of Gaeta (see [23]). 

Non-smoothable Zappatic surfaces. The results of the previous sections allow us to 
exhibit simple planar Zappatic surfaces which are not smoothable, i.e. which cannot be the 
central fibre of a degeneration. For example, the planar Zappatic surface X with the graph 
of Figure [37] as associated graph is not smoothable. Indeed, if X were the central fibre of a 
degeneration X — > A, then Formulas (|8.2p and (18.31) would imply 

9 ^ K 2 ^ 10, 

which is absurd because of the classification of smooth projective surface of degree 5 in P 6 
(see Theorem 16.181) . 



Figure 37. A non-smoothable planar Zappatic surface 

It is an interesting problem to find more examples of smoothable Zappatic surfaces with 
only R 3 - and _E n -points, 3 ^ n ^ 6. 

E.g., does there exist a Zappatic degeneration with only R 3 and E n , 3 ^ n ^ 6, for 
Enriques' surfaces? 
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Appendix A. Normal, Cohen-Macaulay and Gorenstein properties 

The aim of this appendix is to briefly recall some well-known terminology and results 
concerning normal, Cohen-Macaulay and Gorenstein properties for projective varieties. These 
results are frequently used in Section [6l In the sequel, the term variety does not imply that 
the scheme under consideration is supposed to be irreducible. 

First, we focus on "normality" conditions. 

Definition A.l. An algebraic scheme X is said to be normal if, for each pel, the local 
ring 0x, P is an integrally closed domain (cf. [30], pp. 23 and 91). 

Recall that if A is a local ring, with maximal ideal m, the depth of A is the maximal length 
of a regular sequence x\, . . . , x r with all X{ G m (cf. [30], page 184). 

Recall that, by the theorem of Krull-Serre (see, e.g., [30], Theorem 8.22A, page 185), X is 
normal at p if, and only if, X is non-singular in codimension one at p and the local ring Ox,p 
has the ^-property, i.e. its depth is greater than or equal to 2. 

Let X C P r be a projective variety and let 

(A.2) I{X) := F°(J X |pO = H (J x]¥ r(n)) 

be the saturated ideal associated to X in the homogeneous polynomial ring S := C[x , . . . , x r ). 

Definition A. 3. A projective variety X C P' r is said to be projectively normal (with respect 
to the given embedding) if its homogeneous coordinate ring 

(A.4) T(X) :=C[x ,...,x r ]/I(X) 

is an integrally closed domain (cf. [30], pp. 23 and 126). 

Recall that projective normality is a property of the given embedding IcF and not only 
of X. Observe also that if X is a projectively normal variety, then it is also irreducible and 
normal (see [30], page 23). 

If X C P r is a projective variety, we denote by 

(A.5) C(X) c A r+1 

the affine cone over X having vertex at the origin o G A r+1 . Observe that the homogeneous 
coordinate ring T(X) in (1A.4I) coincides with the coordinate ring of the affine cone G(X). 

We can characterize projective normality of a closed projective variety X C P r in terms of 
its affine cone Q(X), 

Proposition A. 6. Let X C P r be a projective variety and let G(X) be its affine cone. Then, 
the following conditions are equivalent: 

(i) X is projectively normal; 

(ii) G(X) is normal; 

(iii) G(X) is normal at the vertex q. 

Proof See [26], Prop. 7.10, p. 57, and [30], p. 147. □ 

Remark A. 7. The above proposition is an instance of a general philosophy which states 
that "the properties of the vertex of G(X) are equivalent to global properties of C(A) as well 
as of X" (cf. [26], page 54). 
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Proposition A. 8. Let X C P r be a projective variety and let H be a hyperplane section of 
X. If H is projectively normal, then X is projectively normal. 

Proof. It is a trivial consequence of Krull-Serre's theorem (see, e.g., [26], Theorem 4.27). □ 

Definition A. 9. A projective variety X C P r is called arithmetically normal if the restriction 
map 

(A.10) H°(O r (j))^H°(O x (j)) 
is surjective, for every j 6 N. 

Remark A. 11. The surjectivity of the map in (1A.10I) is equivalent to 
(A.12) H\3 xlr (j)) = 0, for every j G Z. 

This follows from the sequence: 

(A. 13) -> U xr (j) -> (V(j) -> Ox(j) -> 

and from the cohomology of projective spaces. 

One has the following relationship among the above three notions: 

Proposition A. 14. X C P r is projectively normal if, and only if X is normal and arith- 
metically normal in P r (cf. [30], pg. 126, and [62] ). 

A fundamental property related to arithmetical normality is the following: 

Proposition A. 15. // a hyperplane section H of a projective variety X is arithmetically 
normal, then X is arithmetically normal. 

Proof. Consider the following commutative diagram with two short exact sequences of sheaves: 
> Ox(j - 1) > O x (j) > H (J) > 

(A.16) 

> Opr(j - 1) > Opr(j) > Opr-lO') > 

for all j G Z, where the vertical arrows are defined by the usual short exact sequence flA.131) . 
Diagram (1A.16I) induces in cohomology the following commutative diagram: 



H°{Q F r{j))^H°(<D F r-l(j)) 

for every j G Z, where atj is trivially surjective and /3j is surjective by hypothesis. The 
surjectivity of the composite map jj o Sj = /3j o a>j forces the surjectivity of jj, but not yet 
that of Sj. However, we have the injection: 

H\Q x {j-l))^H\Q x {j)), 

for every j G Z, which implies 

(A.17) H\O x (j)) = 0, for each j, 
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because i7 1 (0x(j)) = for j by Serre's Theorem. The long exact sequences in coho- 
mology induced by ( 1A.16I) then become: 

- -> H°(O x (j - 1)) - -> H°(O x (j)) > H°(0 H (j)) > 



> #°(Qpr(j - 1)) > H (O W r{j)) > H°{0 P r-l(j)) > 

where we recall that f3j is surjective for all j by hypothesis. The map 8j is trivially surjective 
for j ^ 0. Since Sj-i = 5o is surjective for j — 1, the map 5j = 6% is surjective too by 
elementary diagram chase. Hence we conclude by induction on j. □ 

We consider now "Cohen-Macaulay" conditions. 

Recall that a local ring (A,m) is said to be Cohen-Macaulay (CM for short) if depth(A) = 
dim(v4) (see |30j, page 184). This is equivalent to saying that a zero-dimensional local ring 
is always CM and, if dim(A) > 0, then A is CM if, and only if, there is a non zero-divisor x 
in A such that A/(x) is CM. In this case, A/(x) is CM for every non-zero divisor x in A (cf. 
[H, [37] page 107). 

Remark A. 18. Let (R,M) be a regular local ring. Let (A,m) be a local i?-algebra which 
is finitely generated as a i?-module. Set c := codim^(y4). One has that (A,m) is CM if, and 
only if, there is a minimal, free resolution of .R-modules 

(A.19) 9: -> F c -> F c _x -> ► Fi -> i? ^ A ^ 0, 

(cf. Corollary 21.16 and the Auslander-Buchsbaum Formula Theorem 19.9 in |18j). 

If (A,m) is CM, then one defines 

(A.20) uj a := Ext c R (A, R) 

to be the canonical module of A (cf. Theorem 21.15 in pEE]). Then, the resolution ( 1A.19I ) is 
such that 3* is a minimal free resolution of uja (cf. Corollary 21.16 [T8]). 

A finitely generated C-algebra I? is said to be Cohen-Macaulay (CM for short) if, and only 
if, for every prime ideal p of B, B p is a CM local ring. This is equivalent to saying that B p 
is a CM local ring, for every maximal ideal p in B (cf. [18], Prop. 18.8). 



Definition A. 21. (cf. [30j, page 185) An algebraic, equidimensional scheme X is Cohen- 
Macaulay at a point p G X (CM atp, for short) if Ox, P is a Cohen-Macaulay, local ring. X is 
Cohen-Macaulay (CM, for short) if X is Cohen-Macaulay at each p e X. 

We have the following result: 

Theorem A. 22. Lei X C P r be an equidimensional projective variety and let p be a point of 
X . Then, the following conditions are equivalent: 

(i) X is CM at p; 

(ii) each equidimensional hyperplane section of X through p is CM at p; 

Proof. It directly follows from the definition of local, CM rings. □ 

Definition A. 23. A projective, equidimensional variety X C P r is said to be projectively 
Cohen-Macaulay (pCM, for short) if the ring T(X) as in ( 1A.4I) is a Cohen-Macaulay ring. 
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Definition A. 24. A projective and equidimensional variety X C P r is said to be arithmeti- 
cally Cohen- Macaulay (aCM, for short), if X is arithmetically normal and moreover 

(A.25) H^OxU)) = 0, for ever Y jeZandUi^n-l, 

where n = dim(X). 

Remark A. 26. By standard exact sequences, X is arithmetically Cohen-Macaulay iff 

(A.27) H i (3 x \rr(j)) = Q> for every j G Z and 1 ^ i ^ n. 

Remark A. 28. For n — 1, Formula (I A. 251 ) trivially holds. Thus a curve is arithmetically 
Cohen-Macaulay if and only if it is arithmetically normal. 

As in Proposition IA.61 we have: 

Proposition A. 29. Let X C P r be an equidimensional variety, C(X) C A r+1 be the affine 
cone over X and let q be its vertex. Then, the following conditions are equivalent: 

(i) X is pCM; 

(ii) C(X) is CM; 

(hi) G(X) is CM ato (cf. Remark\Al\). 



Proof. Take r(X) as in ( I A. 41) . Then, it coincides with the coordinate ring of the affine cone 
C(X) C A r+1 . Thus, the claim follows from Proposition 18.8 and Ex. 19.10 in [Eg. □ 

Proposition A. 30. Let X C P r be an equidimensional variety. Then: 

(i) X is pCM X is aCM; 

(ii) X is aCM X is CM. 

Proof, (i) From Proposition \KM X is pCM iff C(X) is CM at o. From [30], page 217, Ex. 
3.4 (b), this implies that H' l m (T(X)) = 0, for all i < r — c = n, where c = codim P r(X), 
n = dim(X), m is the maximal, homogeneous ideal of T(X) and, as usual, H l m {—) is the local 
cohomology (see [30], Ex. 3.3 (a), page 217). 
On the other hand, from [18], Theorem A4.1, 

W(X)) = 0iT(X,Ox(j))- 

(ii) Since X is covered by affine open subsets which are hyperplane sections of C(X), the 
assertion follows from Theorem IA.221 

□ 

Theorem A. 31. Let X C P r be an equidimensional closed subscheme in P r . Then X is aCM 
if, and only if, any hyperplane section H of X not containing any component of X is aCM. 

Proof. It directly follows from Theorem IA.221 and Proposition IA.291 □ 

Proposition A. 32. // a curve H , which is a hyperplane section of a projective surface S, is 
arithmetically normal then S is aCM (equiv., pCM). 



Proof. To prove that S is aCM, one has to prove that (1A.17I) holds (see Remark IA.28I) . This 



follows by the proof of Proposition IA. 151 □ 
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Corollary A. 33. Let X C P' r be a curve. Then: 

(i) X is projectively normal => X is pCM. 

(ii) If, furthermore, X is assumed to be smooth, the implication in (i) is an equivalence. 

Proof. By Proposition IA.301 X is pCM iff is aCM. On the other hand, since X is a curve, by 
Remark IA.28I X aCM is equivalent to X arithmetically normal. Therefore, the curve X is in 
particular pCM if, and only if, it is arithmetically normal. Only if X is also smooth, then X 
is projectively normal, as it follows from Proposition IA.141 □ 

Proposition A. 34. Let X C P r be a projective, equidimensional variety s.t. codimpr(X) = c. 
Then, the following conditions are equivalent: 

(i) X is pCM; 

(ii) the projective dimension of'T(X) is equal to c = codimpr(X). In other words, there 
is a minimal graded free resolution ofT(X), 

(A.35) -f F c -> F c _! -> y F l -> S -> T(X) -> 

where zs a free S-module, for 1 ^ i ^ c. 

Proo/. From Proposition [X291 X is pCM if, and only if, F(X) is CM. Let S = C[x , ...,x r ] 
be the homogeneous graded polynomial ring which is a finitely generated algebra over C. 
Let M be the homogeneous maximal ideal in S. Since T(X) is a finitely generated graded 
S module of finite projective dimension, then by the Auslander-Buchsbaum Formula in the 
graded case, we have 

(A.36) pd s (r(X)) = depth M (£) - depth Mr(x) (r(X)) = r + 1 - depth Mr(x) (r(X)), 

where pd 5 (r(X)) is the projective dimension of T(X) (cf. [H], Ex. 19.8, page 485). 

Thus, if X is pCM, then T(X) is CM and therefore depth Mr(x) (r(X)) = n+1 so, by ( IX36l ). 
pd s (r(X)) = c = codimpr(X). Conversely, if pd s (r(X)) = c, then depth. Mr r x \(T(X)) = n+1, 
hence C(X) is CM at q. One concludes by Proposition IA.291 □ 

Remark A. 37. Observe that the ranks of the free modules Fj, 1 ^ i ^ c, do not depend 
on the minimal free resolution of T(X). In particular, the rank of F c in any minimal free 
resolution of T(X) is an invariant of T(X) called the Cohen- Macaulay type of X. 

We now focus on "Gorenstein" conditions. First, we recall some standard definitions. 

Definition A. 38. Let (A, m) be a local, CM ring with residue field K. 
If dim(v4) = 0, then A is called a Gorenstein ring if, and only if, 

(A.39) A = Hom K (A, K). 

If dim(A) > 0, then A is called a Gorenstein ring if, and only if, there is a non-zero divisor 
x e A s.t. A/(x) is Gorenstein. In this case, for every non-zero divisor x G A, A/(x) is 
Gorenstein. 



Remark A. 40. By using (IA.20I) . (A,m) is Gorenstein if, and only if, loa — A (cf. [T8] . 
Theorem 21.15). As in in Remark IA.181 this is equivalent to saying that there is a minimal, 
free resolution of i?-modules 

(A.41) J : -> F c -> F c _! -> . . . F t -> R -> A -»■ 0, 

which is symmetric in the sense that 3 = 5F*. This, in turn, is equivalent to saying that 
F c £ i? (see Corollary 21.16 from p]). 
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Observe that, if (A, m) is Gorenstein then, for each prime ideal p in A, (A p ,pA p ) is Goren- 
stein. This follows by the above remark and by the flatness of localization (see [IB], page 
66). 

Definition A. 42. Let K be a field. Let R be a graded, finitely generated K-algebra. 

If dim(i?) = 0, then R is called a Gorenstein graded ring if, and only if, there is an integer 
5 such that 

(A.43) R(5) = Hom K (R, K). 

If dim(i2) > 0, then R is called a Gorenstein graded ring if, and only if, there is an 
homogeneous non-zero divisor x G R such that Rj (x) is Gorenstein. 

Remark A. 44. Let S = C[xq, . . . , x r+ \] be the homogeneous polynomial ring and let I be a 
homogeneous ideal, such that A = S/I is a CM ring. Set c = codims(A). 
Then 

(A.45) u A := Ext c s (A, S(-r - 1)) 

is called the graded dual module of A. Then, A is Gorenstein if, and only if, there is an 
integer 5 such that u>a — A(5). This is equivalent to saying that there is a minimal, free 
graded resolution 

(A.46) J: -> F c -> F c _ x -> > F x —> S —> A —> 0, 

which is symmetric in the sense that £F = 3 r *. This, in turn, is equivalent to saying that there 
is an integer 7 such that F c = 5(7) (see the proof of Corollary 21.16 and §21.11 from [H]). 

Observe also that, if A as above is Gorenstein then, for every prime ideal P in A, (Ap, PA P ) 
is a local Gorenstein ring. 

In complete analogy with Definition IA.211 we have: 

Definition A. 47. A projective scheme X is Gorenstein at a point p G X if Ox, P is a Goren- 
stein, local ring. X is Gorenstein, if it is Gorenstein at each point pel. 

Theorem A. 48. Let X C P r be an equidimensional projective variety and let p be a point of 
X . Then, the following conditions are equivalent: 

(i) X is Gorenstein at p; 

(ii) each equidimensional hyperplane section of X through p is Gorenstein. 

Proof. It directly follows from the definition of local, Gorenstein rings. □ 

Definition A. 49. A projective and equidimensional variety X C P r is called protectively 
Gorenstein (pG, for short) if its homogeneous coordinate ring T(X) is Gorenstein. 

In complete analogy with Proposition IA.291 we have: 

Proposition A. 50. Let X C P r be an equidimensional variety, let G(X) C A r+1 be the affine 
cone over X and let q be its vertex. Then, the following conditions are equivalent: 

(i) X is pG; 

(ii) G(X) is Gorenstein; 

(iii) G{X) is Gorenstein at q; 

(iv) X is pCM and the dualizing sheaf 

(A. 51) uJx — Ox(a), for some a G Z. 
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Proof. We prove the following implications. 

• (i) =>- (ii) : it directly follows from what recalled in Remark IA.441 

• (ii) =>- (iii): trivial; 

• (iii) =>- (i): X is pCM from Proposition |AJ291 Now, let 

■j . o -> F c -> F c _! -> . . . Fi -> 5 -> T(X) -> 

be a graded, minimal free resolution of T(X). By localizing 5" at the homogeneous 
maximal ideal M one still obtains a minimal free resolution. The assertion follows by 
Remarks IA.40I and IA.441 

• (iv) -v=> (i): it directly follows from the definition of dual module (see ( 1A.45I) ) and the 
definition of dualizing sheaf. 

□ 

Remark A. 52. Observe that, if X is pG then G(X) is Gorenstein, hence X is Gorenstein, 
since it is an equidimensional hyperplane section of its affine cone. 

Clearly, by Adjunction Formula and by Theorem IA.31I and Proposition IA.501 if X is pG, 
then each hyperplane section H of X not containing any component of X is pG. Conversely: 

Proposition A. 53. Let X be an equidimensional, projective variety. If a equidimensional 
hyperplane section H of a projective variety X is pG, then X is pG too. 

Proof. It directly follows from Theorem IA.48I and Proposition IA.501 □ 
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